THE COMPOUND POISSON LIMIT RULING PERIODIC EXTREME 
BEHAVIOUR OF NON-UNIFORMLY HYPERBOLIC DYNAMICS 



ANA CRISTINA MOREIRA FREITAS, JORGE MILHAZES FREITAS, AND MIKE TODD 



Abstract. We prove that the distributional limit of the normalised number of returns 
to small neighbourhoods of periodic points of certain non-uniformly hyperbolic dynamical 
systems is compound Poisson. The returns to small balls around a fixed point in the phase 
space correspond to the occurrence of rare events, or exceedances of high thresholds, so that 
there is a connection between the laws of Return Times Statistics and Extreme Value Laws. 
The fact that the fixed point in the phase space is a repelling periodic point implies that 
there is a tendency for the exceedances to appear in clusters whose average sizes is given by 
the Extremal Index, which depends on the expansion of the system at the periodic point. 

We recall that for generic points, the exceedances, in the limit, are singular and occur 
at Poisson times. However, around periodic points, the picture is different: the respective 
point processes of exceedances converge to a compound Poisson process, so instead of sin- 
gle exceedances, we have entire clusters of exceedances occurring at Poisson times with a 
geometric distribution ruling its multiplicity. 

The systems to which our results apply include: general piecewise expanding maps of the 
interval (Rychlik maps), maps with indifferent fixed points (Manneville-Pomeau maps) and 
Benedicks-Carleson quadratic maps. 



1. Introduction 

The study of extreme events is useful for risk assessment and advanced planning. In many 
situations, like weather forecasting and the Lorenz equations, natural phenomena can be 
modelled by dynamical systems. Hence, the study of extreme value laws for data arising 
from such chaotic dynamical systems has recently received attention from dynamicists inter- 
ested in understanding better the statistical behaviour of the systems [CPU IFF081 IFFOSal 
IFFTlOl IFFTTT] IGHNIH IHNT12j . and also from physicists and meteorologists for whom the 
estimation of extreme behaviour is of crucial importance |VHF091 IHVR121 IFLTIH IFLTlla] 
IFLTllb[lLFWT2] . 

We are particularly interested in the convergence of point processes counting the occurrence 
of extreme events for systems revealing periodic behaviour. This periodicity is responsible for 
the appearance of clusters of extreme observations (exceedances of high thresholds), which 
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leads to a compound Poisson process, in the limit. The latter can be thought of as having 
two components: one is the underlying asymptotic Poisson process governing the positions of 
the clusters of exceedances; and the other is the multiplicity distribution associated to each 
such Poisson event, which is determined by the average cluster size. 

There are two main approaches to the study of laws of rare events for dynamical systems. 
One is the study of Extreme Value Laws (EVL) which in the dynamical systems realm is 
quite recent. The other is the study of Hitting Times Statistics (HTS) or Return Times 
Statistics (RTS), i.e., the limit laws for the normalised waiting times before hitting/returning 
to asymptotically small sets, which goes back to |GS90t IPOTI IH93t IHSV99j . for example. In 
[FFTlOj . we showed, under general conditions, the equivalence between these two approaches 
so that exceedances correspond to hits to small sets. 

Almost all papers on the subject deal with hitting/return times to small sets around generic 
points. The exceptions are |H93j by Hirata, which establishes the distribution of the first 
return time to small sets around periodic points, for Axiom A systems, and the deep paper 
|HV09j by Haydn and Vaienti, where the convergence of the normalised number of returns 
to small sets around periodic points to the compound Poisson distribution was proved for 
(j) mixing systems. In both papers, the small sets around periodic points considered are 
dynamically defined cylinders sets. Very recently, in [FFT12] . using an EVL approach, we 
managed to study the first return to small sets around periodic points for piecewise expanding 
dynamical systems, but this time the role of the small sets was played by topological balls 
instead of cylinders, which makes it a stronger result. However, we emphasise that this was 
only done for the distribution of the first hitting/return time. We also note the work of 
Chazottes, Coelho and Collet |CCC09j . where the compound Poisson limit was obtained for 
the successive closer and closer approximations to subsystems of finite type (which could be 
chosen to emulate periodic points) in symbolic dynamics, as well as the work of Ferguson and 
Pollicott |FP12j which, among other results, improved on |H93] . 

In this paper we consider much more general systems. In fact, we prove that for an important 
and well-studied class of non-uniformly hyperbolic interval maps the relevant probabilistic 
law for the normalised number of returns to small neighbourhoods of periodic points is a 
compound Poisson distribution. This essentially breaks down into three parts: 

• We give general conditions on the returns which will guarantee a compound Poisson 
process. This is expressed in the language of random variables for some process. We then 
prove that these conditions are met by the process consisting of return time statistics to 
asymptotically small balls around periodic points for uniformly hyperbolic interval maps. 

• We use the approach given in |BSTV03"] . but for periodic points. This essentially says that 
the Poisson statistics of returns to a periodic point for a first return map are the same 
as those for the original map. We then apply these results to maps such as Manneville- 
Pomeau, which itself is non-uniformly hyperbolic, but which has a uniformly hyperbolic 
first return map. 

• We prove the same result, but now for a large set of quadratic maps of the interval, 
whose first return map is not uniformly hyperbolic. This requires two tools: the Hofbauer 
extension, which gives uniformly hyperbolic induced maps, and was employed in this 
context (but not to periodic points) in |BV03t [BT09] : and a Benedicks-Carleson |BC85j 
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type of parameter exclusion argument, which is required here to ensure that the density 
of our measure doesn't blow up at the periodic point we are concerned with. 

Notation: For quantities (ar-)r sand (br)r, we write x b^. if there exists C > such that 
^ ^ ^ for all r close enough to its limit (this depends on the context - either the limit 
is or oo). Similarly we write ar ~ br if lim,. |^ = 1. 

1.1. Rare events point process, extremes and hitting times. The starting point is a 
stationary stochastic process Xq, Xi, . . . Even though our results regarding the limit of point 
processes generated by such stochastic processes apply beyond the dynamical systems realm, 
since our main application is to dynamical systems, and since it is clearer to present our 
results in that context, we restrict our discussion to that setting. 

Hence, take a system {X, B, P, /), where X is a Riemannian manifold, B is the Borel a-algebra, 
f : X ^ X is a measurable map and P an /-invariant probability measure. 

Suppose that the time series Xq , Xi , . . . arises from such a system simply by evaluating a 
given observable (p : X ML) {±00} along the orbits of the system, or in other words, the 
time evolution given by successive iterations by /: 

Xn = (fo for each n € N. (1.1) 

Clearly, Xq, Xi, . . . defined in this way is not an independent sequence. However, /-invariance 
of P guarantees that this stochastic process is stationary. 

We suppose that the r.v. Lp : X {±00} achieves a global maximum at C ^ ^ (we allow 

ip{C) = +00). We also assume throughout that ( G X is a repelling periodic point, of prime 
periocOp G N. So when (p and P are sufficiently regular: 

(Rl) for u sufficiently close to up := (p{C), the event 

U (u) := {x e X : ip{x) > u} = {Xq > u} 

corresponds to a topological ball centred at (. Moreover, the quantity F{U{u)), as a 
function of u, varies continuously on a neighbourhood oi up. 

The periodicity of ( implies that for all large u, {Xq > u} fl /'^{{Xq > u}) ^ 
and the fact that the prime period is p implies that {Xq > u} (1 /^^{Xq > u}) = 
for all j = 1, . . . ,p — 1. 

(R2) the fact that ^ is repelling means that we have backward contraction implying that 
there exists < < 1 so that n}=o /""'^(^o > u) is another ball of smaller radius 
around C with 

p l^fi n^iXQ > n)j ~ (1 - eynxQ > u), 

for all u sufficiently large. 

We are interested in studying the extremal behaviour of the stochastic process Xq,Xi, . . . 
which is tied with the occurrence of exceedances of high levels u. The occurrence of an 



i.e., the smallest n G N such that /"(C) = C- Clearly /'''(C) = C for any i € N. 
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exceedance at time j € Nq means that the event {Xj > u} occurs, where u is close to 
Up- Observe that a reahsation of the stochastic process Xq,Xi, ... is achieved if we pick, at 
random and according to the measure P, a point x X, compute its orbit and evaluate (p 
along it. Then saying that an exceedance occurs at time j means that the orbit of the point 
X hits the ball U{u) at time j, i.e., f^{x) € U{u). 



For every A C M we define 



In the particular case where A = I = [a,b) we simply write o/f^^^ := .A(a{[ci, b)). 

Observe that ^J^q counts the number of exceedances amongst the first n observations of the 
process Xq, Xi, . . . , Xn or, in other words, the number of entrances in U (u) up to time n. For 
high levels of u, since ¥(U{u)) has small measure, an entrance in U{u) (or the occurrence of 
an exceedance) is considered to be a rare event. This counting of occurrences of rare events 
will allow us to define the so called point processes of rare events. 

One of the goals here is to study the limit of these point processes which, in particular, will 
give us the behaviour of the partial maxima of Xq,Xi, . . . and, equivalently, of the existence 
of Hitting Time Statistics. In fact, for each n G N, define the partial maximum 

Mn = max{Xo, . . . , Xn-i}. 

and for a set A € B define a new r.v., the first hitting time to A denoted by r^i : A" — t- NU{+oo} 
where 

rAix) = min {j G N U {+00} : f (x) G A} . 

Notice that 

{^u^o = 0} = {M„ < n} = {ru^^) > n} (1.2) 
If, for a normalising sequence of levels Un such that 

lim n¥{Xo > «„) = r, (1.3) 

for some r > 0, there exists a non degenerate distribution function (d.f.) H such that 

lim P(M„, < u„) = H{t), 



where H[t) := 1 — H{t) then we say we have an Extreme Value Law (EVL) for If there 
exists a non degenerate (d.f.) G such that for all t ^ 0, 



.!te/(^''(")SiP(4)))=G(«)- 



then we say we have Hitting Time Statistics (HTS) G for balls. Similarly, we can restrict our 
observations to U{un)- if there exists a non degenerate (d.f.) G such that for all t ^ 0, 



U{u) = Git), 



lim F ( r,jiu) < , ^ , ^^ 
«^«F V " P(f/(n)) 

then we say we have Return Time Statistics (RTS) G for balls. 



THE COMPOUND POISSON DISTRIBUTION IN NON-UNIFORMLY HYPERBOLIC SYSTEMS 5 

The existence of exponential HTS {G{t) = 1 — e~*) is equivalent to the existence of exponential 
RTS {G(t) = 1 — e~*). In fact, according to the Main Theorem in [HLV05] . a system has HTS 
G if and only if it has RTS G and 

G{t) = [ {1-G{s))ds. (1.4) 

In [FFTlOj . we showed that the existence of an EVL for M„, was equivalent to the existence 
of HTS for balls, with H = G, which can be guessed from the second equality in (|1.2p and 
the fact that by ()1.3p we may write n ~ p(^("m )) • 

The motivation for using a normalising sequence Un satisfying (jl.3p comes from the case when 
Xq,Xi, . . . are independent and identically distributed (i.i.d.). In this i.i.d. setting, it is clear 
that P(M„, < u) = where F is the d.f. of Xq, i.e., F{x) := P(Xo < x). Hence, 

condition (|1.3p implies that 

F(Af„ < Un) = (1 - P(Xo > un)r ~ (l - -) ^ 

as n — )• oo. Moreover, the reciprocal is also true. Note that in this case H{t) = 1 — e""^ is the 
standard exponential d.f. 

On the other hand, the normalising term in the definition of HTS is inspired by Kac's Theorem 
which states that the expected amount of time you have to wait before you return to U (u) is 
exactly 

In order to define a point process that through ()1.2p captures the essence of an EVL and HTS, 
we need to re-scale time using the factor v := 1/¥{X > u) given by Kac's Theorem. However, 
before we give the definition, we need some formalism. Let S denote the semi-ring of subsets 
of Mq" whose elements are intervals of the type [a,b), for a, 6 G M^. Let TZ denote the ring 
generated by S. Recall that for every J € 7^ there are A; € N and k intervals Ii, . . . ,1^ € S 
such that J = u'^^ilj. In order to fix notation, let aj, bj € Mq" be such that Ij = [aj,bj) € S. 
For / = [a, 6) G 5 and a G M, we denote al := [aa, ab) and I + a := [a + a,b + a). Similarly, 
for J G 7?- define a.J := ali U • • • U alk and J + a := {Ii + a) U ■ ■ ■ U {Ik + a) . 

Definition 1. We define the rare event point process (REPP) by counting the number of 
exceedances (or hits to U{un)) during the (re-scaled) time period VnJ G IZ, where J gTZ. To 
be more precise, for every J £ TZ, set 

Nn{J) := J<.^{VnJ) = Yl 1^.>«- (1-^) 

Our main result essentially states that, under certain conditions, the REPP just defined 
converges in distribution to a compound Poisson process N with intensity 6 and a geometric 
multiplicity d.f. For completeness, we define here what we mean by a compound Poisson 
process. (See |K86j for more details). 



Definition 2. Let Ti,T2, . . . be an i.i.d. sequence of random variables with common exponen- 
tial distribution of mean 1/9. Let Di,D2, ... be another i.i.d. sequence of random variables. 
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independent of the previous one, and with d.f. vr. Given these sequences, for J € 7?., set 



\i=l / 

where 5t denotes the Dirac measure at t > 0. Whenever we are in this setting, we say that 
iV is a compound Poisson process of intensity 6 and multiplicity d.f. vr. 

Remark 1. In this paper, the multiplicity will always be integer valued which means that vr 
is completely defined by the values tt^ = P(-Di = k), for every A; G Nq. Note that, if vri = 1, 
then N is the standard Poisson process and, for every t > 0, the random variable N{[0,t)) 
has a Poisson distribution of mean 9t. 

Remark 2. In fact, in all statements below, vr is actually a geometric distribution of parameter 



e e (0,1], i.e., TTfc = e{l - Of, for every k € Nq. This means that, as in |HV09] . here, the 
random variable A^([0,t)) follows a Polya-Aeppli distribution, i.e.: 



for all A; G N and P(iV([0,i)) = 0) = e"^*. 

1.2. Conditions for the convergence of REPP in the presence of clustering. When 
the r.v.s in the process Xq,Xi, . . . are independent, the number of exceedances of the level 
Un up to time n is Bernoulli distributed with mean nP(Xo > Un). Moreover, condition (II. 3p 
implies that in the limit we get a Poisson distribution for the number of exceedances. 

In fact, even in the dependent case, if some mixing condition D{un) holds and in addition 
an anti clustering condition D'{un) also holds, both introduced by Leadbetter in |L73j . one 
can show that the REPP converges to a standard Poisson process of intensity 1 (see for 
example |LR88j ) . Since the rates of mixing for dynamical systems are usually given by decay 
of correlations of observables in certain given classes of functions, it turns out that condition 
D{un) is too strong to be checked for chaotic systems whose mixing rates are known only 
through decay of correlations. For that reason, motivated by Collet's work |C01] . in |FF08a] 
the authors suggested a condition D2{un) which together with D'{un) was enough to prove 
the existence of an exponential EVL {H{t) = e~^) for maxima around non-periodic points 
C,. Later on, in |FFT10j the authors provided the so called condition D^{un) which together 
with D'{un) was enough to prove convergence of the REPP to a standard Poisson process of 
intensity 1 (see |FFT10( Theorem 5]). Condition D'iiun) is a slight strengthening of D2{un), 
but both are much weaker than the original D{un), and it is easy to show that they follow 
easily from sufficiently fast decay of correlations (see |FF08a( Section 2] and |FFT10t Proofs 
of Corollary 6 and Theorem 6]). Thus we were able to prove convergence of the REPP for 
stochastic processes like (II. ip arising from many chaotic dynamical systems. 

In the results mentioned above, condition D'[un) prevented the existence of clusters of ex- 
ceedances, which implied for example that the EVL was a standard exponential H{t) = e~'^ . 
However, when D'{un) does not hold, clustering of exceedances is responsible for the appear- 
ance of a parameter < < 1 in the EVL which now is written as H[t) = e~^^. This 
parameter, 6 is commonly named Extremal Index (EI) and can be defined as follows: if for 





k 
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a sequence of levels (n,„)„gi^ satisfying ()1.3p we have that lim„_j.oo < u^) = e~^'^ , for 

some < 6 < 1, then we say that we have an EI 6. When 6 = 1 we have no clustering and 
when 9 < 1 we have clustering which is as strong as 9 is closed to 0. In fact, 1/9 can be seen 
as the average cluster size. 

In |FFT12j , the authors established a connection between the existence of an EI less than 1 and 
periodic behaviour. To be more specific, the main result there states that for dynamically 
defined stochastic processes as in (II. ip . where C is a repelling periodic point, under some 
conditions on the dependence structure of the process, there is an EVL for M„ with an EI 9 
given by the expansion rate at the repelling periodic point which is 1/(1 — 9). (Note that we 
wrote the backward contraction rate (1 — ^) in |(R2)| so that the EI could be easily identified as 
being 9.) Around periodic points the rapid recurrence creates clusters of exceedances (hits) 
which makes it easy to check that condition D'{un) fails (see |FFT12t Section 2.1]). This was 
a serious obstacle since the theory developed up to |FFT12j was based on Collet's important 
observation that D'[un) could be used not only in the usual way as in Leadbetter's approach, 
but also to compensate the weakening of the original D{un), which allowed the application 
to chaotic systems with sufficiently fast decay of correlations. To overcome this difficulty we 
considered the annulus 

Qp{u) := U{u) \ r^{U{u)) = {Xo > u, Xp < u} 

resulting from removing from U{u) the points that were doomed to return after p steps, which 
form the smaller ball U{u) D f~^{U{u)). We named the occurrence of Qpiu) as an escape 
since it corresponds to the realisations that escape the influence of the underlying periodic 
phenomena and exit the ball U [u) after p iterates. Then we made the crucial observation that 
the limit law corresponding to no entrances up to time n into the ball U{un) was equal to the 
limit law corresponding to no entrances into the annulus Qp{un) up to time n (see |FFT12( 
Proposition 1]). This meant that, roughly speaking, the role played by the balls U{u) could 
be replaced by that of the annuli Qp{u), with the advantage that points in Qpiu) were no 
longer destined to return after just p steps. 

Based in this last observation we proposed two conditions on the dependence structure of 
Xq, Xi, . . . that we named Dp[un) and D'p{un), which imply the existence of an EVL with EI 
9 < 1 around periodic points. These two conditions can be described as being obtained from 
D2{un) and D'{un) by replacing balls by annuli. 

Regarding the REPP, when ^ is a repelling periodic point, one might think that to study its 
limit it would be enough to strengthen Dp{un) by replacing the role of exceedances in D-i{un) 
by that of escapes and then mimic the argument in the proof of [FFTlOl Theorem 5], which 
states the convergence of the REPP to a standard Poisson process when Q is not periodic 
and D'[un) holds. However, a critical step there is the use of a criterion of Kallenberg |K861 
Theorem 4.7] which applies only to simple point processes, without multiple events, which 
is not the case here. In particular, this means that by mimicking the proof of [FFTlOl 
Theorem 5] we can only show that the point process corresponding to counting clusters 
(instead of exceedances) converges to the usual Poisson process with intensity 1. Hence, to 
prove the convergence of the REPP to a compound Poisson process, which we will prove to 
be the case when ^ is a periodic repeller, we will compute the Laplace transform of the point 
process directly and study its limit. 
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As usual to obtain the desired convergence we need to impose some conditions on the de- 
pendence structure of Xq,Xi, . . .. The first condition, which we will denote by Dp{un)* , is 
a strengthening of Dp{un). Since we cannot use the aforementioned Kallenberg's criterion, 
this strengthening is a bit stronger than adapting D-i{un) in the same way we proceeded 
with D2{un) to obtain Dp[un)- However, as in the case of these three just mentioned mixing 
conditions, it can be easily checked for systems with sufficiently fast decay of correlations. 
Before we state the new mixing condition Dp{un)* , we need to introduce some notation. This 
is illustrated in Figure [TJ Note that the pictures are in two dimensions for expository pur- 
poses. The applications presented in this paper are primarily one-dimensional, but higher 
dimensional examples are also considered, see also jFFTlOl Section 6.2]. 

We define the sequence {U^'^\u)) ^^^^ of nested balls centred at C given by: 

= U{u) and U^'^\u) = rP{U^'^-^\u)) n U{u) for ah k e N. 

For i, At,^, s G N U {0}, we define the following events: 

= {Xi > u, Xi^p > n, . . . , Xj+Kp > u, Xj4.(K_,_i)p < u}, 
s+£-i s+e-i 

i=s i=s 



Observe that for each k, the set Qpq{u) corresponds to an annulus centred at C- Besides, 

oo 

U{u) = (j Q;^^{u), (1.6) 

which means that the ball centred at Q which corresponds to {Xq > u} can be decomposed 
into a sequence of disjoint annuli where QpQ{u) is the most outward ring and the inner ring 
Qp^^{u) is sent outward by f'^ to the ring Qp q{u), i.e., 

nQ;yiu)) = Q;^,{u). (1.7) 



We are now ready to state: 

Condition {Dp[un)*). We say that Dp{un)* holds for the sequence Xq, Xi, X2, ... if for any 
integers t, ki, . . . , k^, n and any J = U^^g-^?' ^ ^ with inf{a; : x € J} ^ t, 

P (Q^M^n) n (n]^2-^uAi,) = ^.■)) - ^ (Qp^oK)) IP (n^^=2^«„(/j) = /^j) I < i{n,t), 

where for each n we have that 7(n, t) is nonincreasing in t and n^{n, tn) ^ as n ^ 00, for 
some sequence t„ = o(n). 



This mixing condition is much weaker than the original D{un) from Leadbetter |L73j or A(ti„) 
from |LR98| b ecause the first of the two events separated by the time gap, namely Q(un), 
is geometrically simple since it corresponds to an annulus. This is not the case for D[un) and 
A(u„) which require uniform estimates for events which possibly correspond to geometrically 




Figure 1. Notation 



intricate sets. As a consequence of this seemingly small advantage, unlike D{un) and A(ii„), 
condition Dp{un)* can be easily verified for systems with sufficiently fast decay of correlations. 

Assuming Dp{un)* holds, let {kn)n&n be a sequence of integers such that 

A;„ — )■ oo and A;„t„ = o(n). (1-8) 

Condition (Z)p(ii„)*). We say that D'p{un)* holds for the sequence Xq, Xi, X2, ■ ■ ■ if there 
exists a sequence {kn)nm satisfying (jl.Sp and such that 

[n/kn] 

lim n V nQp,o{un) n {Xj- > n„}) = 0. (1.9) 
i=i 

This condition is a slight strengthening of Dp(un) from |FFT12j . since the occurrence of an 
escape at time j, Qpj{un), was replaced here by the occurrence of the exceedance {Xj > 
Un}- However, since in practice it is easier to check D'piun)* and in this paper it makes 
the forthcoming computations much simpler, we decided to require this stronger version of 
D'p{un)- We recall that D'p{un) is very similar to Leadbetter's D'{un) from jL83j . except that 
instead of preventing the clustering of exceedances it prevents the clustering of escapes by 
requiring that they should appear scattered fairly evenly through the time interval from to 
n — 1. 

We can now state the main theorem. 

Theorem 1. Let Xq,Xi, . . . he given by (jl.ip . where ip achieves a global maximum at the 
repelling periodic point (, of prime period p, and conditions \(Rl) \ and \(R2)\ hold. Let (n„)„gN 
be a sequence satisfying (jl.3p . Assume that conditions Dp[un)* , Dp{un)* hold. Then the 
EPP Nn converges in distribution to a compound Poisson process N with intensity 9 and 
multiplicity d.f. vr given by tt{k) = 9[1 — 9)^, for every k € Nq, where the extremal index 9 is 
given by the expansion rate at C stated in (R2)[ 

Remark 3. The underlying periodicity of the process Xq,Xi, . . ., resulting from the fact that 
if achieves a global maximum at the periodic point C, leads to the appearance of clusters of 
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exceedances whose size depends on the severity of the first exceedance that begins the cluster. 
To be more precise, let x £ X: if we have a first exceedance at time z G N, which means 
that enters the ball U{u), then by ()1.6p we must have that G Qp oiu) for some 

K > 0, which we express by saying that the entrance at time i had a depth k. Notice that the 
deeper the entrance, the closer /'(x) got to ^ and the more severe is the exceedance. Now, 
observe that if P{x) G Qp,o{u) we must have f+P{x) G Qp^^{u), . . . , G Q%{u) and 

means that the size of the cluster initiated at time i is exactly 
K + 1 and ends with a visit to the outermost ring q{u), which plays the role of an escaping 
exit from U{u). So the depth of the entrance in U{u) determines the size of the cluster, and 
the deeper the entrance, the more severe is the corresponding exceedance and the longer the 
cluster. 



1.3. Applications to dynamical systems. The theory of HTS is best understood in the 
context of uniformly hyperbolic dynamical systems. In the context of HTS to balls, this 
is usually further restricted to the setting of piecewise conformal systems, in particular to 
smooth uniformly expanding interval maps. Our first application of the general theorems 
given above are to such systems, although we do allow quite a lot of flexibility: (countably) 
infinitely many branches. Our basic assumption will be decay of correlations against 
observables. Hence we define: 

Definition 3 (Decay of correlations). Let Ci,C2 denote Banach spaces of real valued mea- 
surable functions defined on X . We denote the correlation of non-zero functions cp G Ci and 
G C2 w.r.t. a measure P as 



Corp((/), V'jn) := 



(l){ipoT')dF- / 0dP / ^d: 



Ci\\W\\C2 

We say that we have decay of correlations, w.r.t. the measure P, for observables in Ci against 
observables in C2 if, for every (/> G Ci and every ^ G C2 we have 

Corp(0, tp, n) — > 0, as n — )■ 00. 

We say that we have decay of correlations against observables whenever this holds for 
C2 = L^P) and ll^llc^ = llV'lli = / IV'I dP. 

We state an abstract result that will allow us to show the convergence of the REPP to a 
compound Poisson process with geometric multiplicity distribution, around repelling periodic 
points, for systems with decay of correlations against observables. As a corollary we 
will obtain that this convergence holds for multi dimensional uniformly expanding systems, 
piecewise expanding systems of the interval (like Rychlik maps) and piecewise expanding 
systems in higher dimensions like the ones studied by Saussol in |S00j . 

Theorem 2. Consider a dynamical system (X, B, P, /) for which there exists a Banach space 
C of real valued functions such that for all (j) G C and ip G L^{F), 

Cor^{(t),'4),n)<Cn~^, (1.10) 

where C > is a constant independent of both (j), ip. Let Xq, Xi, . . . be given by (jl.ip . where (p 
achieves a global maximum at the repelling periodic point of prime period p, and conditions 
|(R1)| anrf I (R2)] hold. Let («n)nGN be a sequence satisfying ()1.3p . // there exists C > such 
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that for all n and ki € Nn we have I^ki , n G C, lll^^i / \llr < C then conditions Dr,(u„)* 
and Dp{un)* hold for Xq,Xi, .... 

Observe that decay of correlations as in (jl.lOp . against L^{fJ-) observables, is a very strong 
property. In fact, regardless of the rate (in this case as long as it is summable, one 

can actually show that the system has exponential decay of correlations of Holder observables 
against L°°(^), as it was shown in [AFLVl l| Theorem B]. However, this property has been 
proved for uniformly expanding and piecewise expanding systems. 

In particular, we apply our results to a class of Rychlik systems (y, /,(/>), with equilibrium 
state so this measure takes the place of P in this setting. For more details see Section fS.S.ll 
and references therein. As a consequence of Theorems [U and [21 we obtain 

Corollary 3. Suppose that {Y,f,(j)) is a Rychlik system with equilibrium state fiff,. Then for 
a periodic point C of prime period p, the EPF Nn converges in distribution to a compound 
Poisson process N with intensity 6 = l — e^^'^'^^^ and multiplicity d.f. vr given by vr^ = 9{1 — 0Y, 
for every k E Nq. 

Note that Corollary [3] applies to many different uniformly hyperbolic interval maps with 
'good' invariant measures. For example it applies to topologically transitive uniformly ex- 
panding maps of the interval with an absolutely continuous invariant probability measure 
(acip), including the systems studied in |BSTV03] and |FP12| . 

We can also apply our results to higher dimensional piecewise expanding systems like the 
ones studied in [SOn] . 

Corollary 4. Let f : X ^ X be a piecewise expanding map as defined in jSOOt Section 2], 
with an acip fi. Then for a periodic point of prime period p, the EPP Nn converges in 
distribution to a compound Poisson process N with intensity 6 = 1 — |det and 
multiplicity d.f. n given by ir^ = 0{1 — 9)'^, for every k S Nq. 

The final part of this paper is concerned with applying the above theory to non-uniformly 
hyperbolic interval maps. The main problem here is that in many of these situations it is 
hard to check conditions Dp{un)* and Dp{un)* , and in some of them it is unlikely that they 
hold. One way to nevertheless obtain results about these systems is to apply the approach in 
|BSTV03] . where it was shown that, in many cases, first return maps have the same HTS as 
the original system for almost every point in the space. What is different in our case is that we 
must pick a particular point ^ and prove the analogous result. This is challenging because we 
cannot, as in the proof of |BSTV03l Theorem 1] simply exclude a zero measure set of points 
which have bad behaviour: we have to prove our theorem about the particular choice C- On 
the other hand the proof is assisted by the fact that periodic points have very well-understood 
behaviour, in particular we can transfer information from small scales to large scales. 

We introduce standard measure notation: 

Notation: Given a finite measure ^ on X and a measurable set A C X, let ha be the 
corresponding conditional measure on A, i.e., for B C X, ij,a{B) = iJ,(A n B)/ ii{A). 
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As before, let us assume we have a system f : X X, where / is a Borel measurable 
transformation of the smooth Riemannian manifold X, and now with an invariant probability 
measure (which we can also denote by P as usual). Suppose that £ X is a periodic point 
of prime period p. We pick some subset X C X and let he the first return time to X, 
and / = f^x be the first return map to X. We will always assume that X is so small that 
R;y(0 — P- Also let fi = fip^ (alternatively we can write P(-|A')). Note that by Kac's Lemma, 
ft is /-invariant. 

This new setting gives rise to a new set of random variables 

We can thus consider Jt{i{vJ) for J € TZ and v = l/F{U{u)\X) defined analogously to (jl.Sp 



for the original system. 

Let H be such that, for every J £ S and k G Nq, 

lim fi {{jTuivJ) < k]) = HiJ,K), (Lll) 

where H{J, •) corresponds to a d.f. of an integer valued r.v. We will assume that H is 
continuous, in the sense that lim5_5.o H{(1 it 5) J, k) = H{J, k), for every k. Note that we will 
apply our results to the case that H{J,k) = ¥{N{J) = k), where is a compound Poisson 
process of intensity 6 and a geometric multiplicity. 

In the following theorem we will impose two pairs of conditions on our system, see Section|3]for 
details. The first pair (Ml) and (M2) concern the measure we put on our system: essentially 
we want it to be an equilibrium state which behaves very like the corresponding conformal 
measure for some potential. For example the conformal measure could be Lebesgue measure 
and the equilibrium state given by any density which is uniformly bounded away from zero 
and infinity. The second pair of conditions (SI) and (S2) ensure that the measures 'scale well' 
around our point ^. So to continue the example, the dynamics could be a interval/circle 
map with ( a repelling fixed point, so the Lebesgue measure of iterates of a ball centred at C 
scales like the derivative of the map at 

Theorem 5. Suppose that {X,f) is a dynamical system that ^ is a periodic point of prime 
period p and {X, f) are defined as above. If the induced system satisfies conditions (Ml), (M2), 
(S1),(S2) and the limit defining H as in (jl.lip exists and defines a continuous function, then 
for each J £ TZ there exists {Sj{u))u>o > such that 6j{u) \ as u up and for k € No, 

'{{J'u{vJ)i^K})-H{J,t) <5j{r). 



Since, as shown in |BSTV03] . for a G (0, 1) the Manneville-Pomeau map 




x(l + 2'^x") for xG [0,1/2) 
2x forxG[l/2, 1) 



with the natural potential (p = —\og\Dg\, has a canonical first return map g : [1/2,1) 
[1/2, 1) (so X = [1/2, 1)) for which ([1/2, 1), 0) is a Rychlik system. Here (f) is the induced 
version of the potential (j), which is log \ Dg\ in this case. Note that the equilibrium state is 
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the acip fi. Theorems [3] and [5] imply that for any periodic point C 7^ for g, we have the 
conchisions of Theorem [H 

We next extend the apphcation of our theory to interval maps with a critical point. We 
consider a class of unimodal interval maps f : I ^ I with an acip. Let c be the crit- 
ical point. Such a map is called S -unimodal if it has negative Schwarzian derivative, i.e., 
D^f {x)/Df{x) - l{D'^f{x)/Df{x)f < for any x G / \ {c}. We say that c is non-flat if 
there exists £ € (1, oo) such that liuix^c \ f{x) — f{c)\/\x — cf exists and is positive. Here i is 
called the order of the critical point. 

As in |BSTV03] . if the critical point has an orbit which is not dense in / (eg the Misiurewicz 
case), it is possible to construct a first return map which gives a Rychlik system with the 
natural potential, and thus the conclusions of Theorem [1] hold for the system with its acip. 
Our last main result goes beyond this theory since it applies to maps where the critical point 
has a dense orbit and first return maps are not Rychlik. We can nevertheless recover our 
limit theorems using the Hofbauer extension techniques of |BV03| . 

We will assume that our maps satisfy the summahility condition: 

Nowicki and van Strien |NS91] showed that under this condition, / has an acip ^i. The support 
of this measure, the usual metric attractor (see for example [MS931 Chapter V.l]) is a finite 
union of intervals. If we were to assume that / was topologically transitive on I, i.e. there 
exists xo £ I such that U„^o/"(a^o) = I, then the support is equal to the whole of /. In any 
case, the metric entropy /i(/x) is strictly positive. 

Theorem 6. Suppose that f : I —> I is an S-unimodal map with non-flat critical point with 
order I satisfying the summahility condition (jl.l2p . If C, is a repelling periodic point of prime 
period p, in the support of the acip fi and such that 

"S" -<oo, (1.13) 



{\Dfn(ficmnfic))-ct 



then the EPP Nn converges in distribution to a compound Poisson process N with intensity 
9 = 1— ^'^^ multiplicity d.f. vr given by tt{k) = 9{1 — 6)'^, for every k G Nq. 

In Section [6l we use a parameter exclusion argument to prove that there is a large set of param- 
eters in the family of quadratic maps which satisfy the conditions of Theorem [6] (specifically 



2. Convergence of the REPP to a compound Poisson process 



The goal of this section is to prove Theorem [TJ The major obstacle we have to deal with is the 
fact that our condition Dp{un)* is much weaker than the usual conditions D{un) and A(ti„) 
from Leadbetter. We will overcome this difficulty with the help of Dp{un)* and the special 
structure borrowed by the underlying periodicity. We already faced the same problem in 
|FFT12] , where the solution was to observe that replacing the role of exceedances by that of 
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escapes does not alter the limit law. Here, the limit for the point process counting exceedances 
forces us to take a deeper analysis in order to count the weight of the number of exceedances 
inside a cluster in the overall sum. Roughly speaking, we will see that a cluster of size n 
corresponds to an entrance in g and the measure of these rings will give us in particular 
the multiplicity d.f. For this convergence we need the following definitions. 

Definition 4. Let Z he a non-negative, integer valued random variable whose distribution is 
given by fz{i<-) = ^{Z = k). For every y € M^, the Laplace transform (t>{y) of the distribution 
fz is given by 

oo 

Definition 5. For a point process M on Rq" and intervals /i, /2, ■ ■ ■ ,!<; £ 5 and non-negative 
2/1) 2/2> • • • ) y<;, we define the joint Laplace transform ip{yi,y2, • • • > 2/?) by 

^M{yi,y2, . . . , yj = E (e- y^'^(^j)'^ . 

If M = N is a compound Poisson point process with intensity A and multiplicity distribution 
TT, then given <^ intervals Li, I2, ■ ■ ■ , !<; € S and non-negative yi, y2, • • • , we have: 

V'iv(yi,y2,...,y.)=e-^S^=i(i-<^(^^))l^^l, 

where (^(y) = XIkLo e~^'^7r(K) is the Laplace transform of the multiplicity distribution. 

We begin the proof of Theorem [1] with a series of abstract Lemmata to capture this corre- 
spondence between clusters' size and the depth of the entrances. Then we use their estimates 
to compute the Laplace transform of the REPP and finally show that it converges to the 
Laplace transform of a compound Poisson process with the right multiplicity d.f. 

The next Lemma is a very important observation which will basically allow us to replace the 
event corresponding to no entrances in up to a given time, by the event corresponding 

to no entrances in Qp Q{u). The idea behind it is that (|1.7p imposes a structure that forces an 
early entrance in U^'^\u), which does not imply an entrance in QpQ^u) during the considered 
time frame, to be very deep and consequently very unlikely. 

Lemma 2.1. For any p € N, s, k € N U {0} and u sufficiently close to up = ^{0 we have 

00 

i=K+l 

Proof. First observe that since QpQ(tt) C U^'^\u) we have =^^o,s('") ^ 2p,o,s('")- Next, note 
that if Qp^o,s('") \ '^pfl^si'^) occurs, then we may define i = min{j G {0,1,... s} : Xj G 
[/(k+i)(-^-)| aj^^ I. ^ [^]. But since Qp_o,s(^) does occur, we must have Xi G C/(''+^*+^)(n), 
otherwise, by (II. 7p . there would exist ji < ii such that Xi-^-j^p € Qp^iu), which contradicts 
the occurrence of Qp_o,s('"™)- This means that 

s 

1=0 
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Hence, it follows that 

[s/p] oo 
|P(jr,^,,)-P(Q«o,s)|=P(QpA.(^)\^pAsN) <P E nU^'Hu))<p F(f/«(^)). 

i=K+l i=K+l 

□ 

The next result is a technical, but useful, lemma which is a consequence of the law of total 
probability. 

Lemma 2.2. For any p G N, s, k G N U {0} and u sufficiently close to up = f{C) we have 

s 

\^{Q;,o,sN) - (1 - sP(Q^,oM)) I < ^ E iP(Q°,oM n {X, > u}) 

j=p+i 

Proof. Since (Qp,o,s(^))'^ = ^i=oQp,ii'^) is clear that 

s s 

|i-ip(Qp,o,sH)-«nQp,oM)l <E E nQ;,i(^)nQ;,,{u)). 

i=0 j=i+p+l 

The result now follows by stationarity plus the two following facts: Qpj{u) C {Xj > u} and 
the fact that between two entrances to QpQ{u), at times i and j, there must have existed an 
escape at time i + Kp, i.e., the occurrence of Qpi+^pi'^)- '-' 

The next result gives an estimate for difference between occurring less than k, exceedances, 
during a certain time interval, and the event corresponding to no entrances in U^'^\u) during 
that time frame. 

Lemma 2.3. For any p € N, s, k € N U {0} and u sufficiently close to up = 93(C) we have 

s 

<{s-p) nQ%i^) n {X, > u}) + Kpnu^) 
j=p+i 

Proof. We start by observing that 

s s 

AUu) := {^::^^ < k} n {je;^,^Au)y C U {X,GC/W(n)}= U f-\U^^\u)), 

i=s~Kp i=s~Kp 

since by Remark [3] an entrance in U^'^\u) leads to a cluster of at least k + 1 exceedances 
separated by p units of time. This means that the only way an entrance in can occur 

and yet the number of exceedances during the time period from to s is not greater than k, 
is if the entrance in U^'^\u) happens at a time such that the corresponding cluster extends 
beyond the time s. So by stationarity, 

^{A-^^,{u))<KpnU''{u)) 

Now, we note that 

s—p s 

BU^):={^uT>^^}r^.J^p\,{u)c\J U Ql,{u)n{X,^U^'\u)]. 

i=0 j>i+p 
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This is because no entrance in U^{u) during the time period 0, . . . ,s imphes, by Remark [3l 
that the maximum cluster size in that period is at most n. Hence, in order to count more than 
K exceedances, there must be at least two distinct clusters during the time period 0, . . . , s. 
Since each cluster ends with an escape, i.e., an entrance in Q^q^u), then this must have 
happened at some moment i G {0, . . . ,s — p} which was then followed by another exceedance 
at some subsequent instant j > i where a new cluster is begun. Consequently, by stationarity, 
we have 

s 

P {B^^siu)) <{s-p) ^¥ {Q%{u) n {X, > u}) . 
j=p+i 

The result follows now at once since 



□ 



The lemmas above pave the way for the proof of the next five results, which will then enable us 
to prove the convergence the Laplace transforms of our point processes to that of a compound 
Poisson distribution. 

Corollary 2.4. Assuming that (p achieves a global maximum at the repelling periodic point 
of prime period p, and conditions \(R1)\ and \(R2)\ hold, there exists C > depending only 
on 6 given by property |(R2)| such that for any s, k € N and u sufficiently close to up = ^p{C) 
we have for k > 



°K!o+' = '^)-^(mp,o'W)-nQp,oN)) <4s F(Q°oWn{X, >n})+2CP(Xo>n„), 

j=p+i 

and in the case k = 



\^uT = 0) - (1 - ^nQlfi{u))) <2s nQ%iu) n {Xj > u}) + C¥{Xo > 

j=p+l 



Proof. Using Lemmas 12.1112.31 recalling that by assumption |(R2)| about the repelling pe- 
riodic point, we have 1 — ^ < 1 and that for every non-negative integer k, ¥{U'^{u)) ~ 
(1 — 6)'^¥{U^^\u)), it follows that there exists a constant C > such that for every k G No 
we have 



+ |p(^p':o,.(«)) - ip(QpAs(^)) I + \^{Qpfi,sN) - (1 - sip(Qp,o(^))) I 

s oo 

<2{s-p) J2 nQpfliu) n {X, > u}) + Kp¥{u^) + p J2 nu^'\u)) 



j=p+i 



i=K+l 



< 2s ^ F{Ql^^{u) n {Xj > u}) + C¥{Xo > u). 
j=p+i 
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Since {^^J^^ < 0} = {^u,o'^ = 0}' result is clear for k = 0. The case k G N follows easily 
after observing that P(o<^(j"^ = k) = ^{^^,0^ < k) - ^{^u,o^ < k - l) which implies 

H<o' = ^) - « (p(Qp,o'(^)) - F(Qp,o(«))) I < l^Kto""' < - (1 - ^nQ;A^))\ 

+ in^uT < - 1) - (1 - snQ;:oHn))\. 

□ 

Corollary 2.5. Assuming that ip achieves a global maximum at the repelling periodic point (, 
of prime period p, and conditions |(R1)| and |(R2)| hold, there exists C > depending only on 
9 given by property \(R2)\ such that for any s € N, y > and u sufficiently close to up = fiC) 
we have 

E (e-^<J') -(1 - sF{Q%{u))) - J2 e-^'^^ [nQ;;o\u)) - nQ;,oi^)) 

K=l 

< C j s ^ F{Q%{u) n {Xj > u}) + ¥{Xo > 



Proof. Since, up to time s there can be at most [s/p] exceedances we have 

and the result now follows from Corollary 12.41 and the fact that X^^q ^"^'^ < co, for every 
y > and from the fact that, for all k, we have e~^'^ = 1 for y = 0. □ 



Proposition 2.6. Assume that ip achieves a global maximum at the repelling periodic point 
C,, of prime period p, and conditions \(Rl) \ and \(R2)\ hold. Let s, ? € N and consider ki G Nq, 

Up = ^{C) we have 



K = (k2, . . . , K^) € Ng ""^j s + t < 02 < 62 < 03 < . . . < 6^ G No- For u sufficiently close to 



\n^uT = '^1' = ^2,..., ^u%, = - n^uT = = ^2,..., ^u%, = '^,)\ 

<cls l{u, t) + s HQloiu) n {Xj > u}) + P(C/(°) {u)) \ . 
\ i=p+i / 

for some C > depending only on on 9 given by property |(R2)| and where 

l{u, t) = sup max { P(Q;^)P( n^^^ = k,}) - P( n^^^^ {-^4 = ^ Qp,^) 1 1 • 

(2.1) 
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Proof. Let 



4 



A 
A 



Bki 



{■-^ufl^ ~ '^^^''^u,a2 ~ ^2, • • • 5 = '^<;}) 



By Lemmas 12.11 and 12.31 we have 



j=P+l i = Kl+l 



Using stationarity and adapting the proof of Lemma [2.21 it follows that P(^ 
Err, where 



(2.2) 

- (1 - sP(Q^;o))P(Z)^) 



< 



Err 



i=0 



+ s E nQ%{^)n{Xj>u}). 

j=p+l 



Now, since, by definition of i{u,t), 

s 

we conclude that 



j=0 



1=0 



< si{u, t), 



P(i,,,,) - (1 - sV{Q;^o))nD^) < si{u, t) + sY, IP«oM n {X^ > u}). (2.3) 

j=p+l 

Also, by Lemma 12.21 we have 

s 

\B^,)nD^) - (1 - s¥{Q;^,))F{D^)\ < s Y nQ%{u) n {X, > n}). (2.4) 

j=p+i 



Putting together the estimates (|2.2p . (|2.3p and (|2.4p we get 

|P(^,,,^) - F{B^,)F{D^)\ < P(^.,,k) - F{A^,J + F{A^,J - (1 - sF{Q;},))F{D^ 



+ 



)F{D^) - (1 - sP(Q"^o))IP(^-) + lP(^«i) - P(^Ki) P(^-) 



<si(n,t) + 4s ^ P(Q°oNn{Xj >u}) + 2KipP(;7(''i)(M)) + 2p ^ P(C/«(u)) 

j=p+l i=Ki+l 
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Since nAl^J = P(^«,,^) - and P(5*J = P(S,J - P(S,,_i), we have 

|P(^:^J -P(i?:jP(D^)| < \FiA^,J-FiB^,)F{D^)\ + |P(^,,„i,^) - P(i3«,_i)P(Z)^)| 

s oo 
j=p+l i=Ki 

Recalling that by assumption |(R2) about the repelling periodic point, we have 1 — ^ < 1 and, 
for every non-negative integer k, ¥{U'^{u)) ~ (1 — 6)'^¥{U^'^\u)), then there exists a constant 
C > such that for all ki , k we have 

\F{Al^J-F{BljF{Di^)\<clsL{u,t) + s ^ F{Q%{u) n {X, > u}) +F{U^°\u))] , 

which is sufficient for the proposition. □ 

Corollary 2.7. Assume that ip achieves a global maximum at the repelling periodic point of 
prime period p, and conditions \(Rl)\ and \(R2)\ hold. Let s,t,c^ £ N and consider yi,y2, ... ,y,; G 
M^, s + 1 < 02 < 62 < 03 < . . . < 6,j € Nq. For u sufficiently close to up = ip{Q we have 

E ^e"^i'-'*^"o^"^2=^'',a2-----s/^--^^^^^^^^ = E (^e~y^"'^'^"'0^^ E ^e"^2--'^"'°2-----s^';-'*'"%^ + Err, 
where \Err\ < C (si(n, t) + s Zj=P+i ^(Q%('^) ^ i^J > ^}) + ^(^^^^ (^))) ' 

some C > 

depending only on 6 given by property \(R2) \ and where i{u,t) is given by (|2.ip 
Proof. Using the same notation as in the proof of Proposition 12.61 notation, we have 

and 

E ^e~^^''^"'0^^ E ^e~^2'^'''"2~---~2^'=^-^"'^''?^ = ^ g-yiKi-y2K2-...-y5K<;p^_g* )F{D-). 
Hence, 

and the result follows at once from Proposition 12.61 □ 

Proposition 2.8. Let Xq, Xi, . . . be given by (jl.ip . where ip achieves a global maximum at 
the repelling periodic point C, of prime period p, and conditions |(R1)| and |(R2)| hold. Let 
{un)neN be a sequence satisfying (|1.3p . Assume that conditions Dp{un)* , Dp{un)* hold. Let 
J € TZ be such that that J = IJ^=i where Ij = [aj,bj) € <S, j = 1, . . . , ? and oi < 61 < 02 < 
• • • < b^^i < <b^. Let {un\n& be such that nP(Xo > Un) t > 0, as n ^ 00, for some 
T > 0. Then, for all yi,y2, . . . ,y^ € MJ", we have 
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Proof. Let h := infj-gj^^ — aj} and H := [sup{x : x S J}] = [6^]. Let n be sufficiently 

large so that, in particular, kn > 2/h and set Qn ■= [n//c„J. We consider the following 
partition of n[0,H] nZ into blocks of length Qn, Ji = [0,Qn), J2 = [Oni'^Qn)-,- ■ ■ ■, JHk„ = 
[{Hkn — l)gn, Hkgn), Juk^+i — [HknQn, Hn). We further cut each Jj into two blocks: 

J* := [{i - l)Qn,iQn - tn) and J- := Ji - J*. 

Note that \Ji\ = Qn — tn and \Jl\ = tn- 

Let J^e = S^i{k) be the number of blocks Jj contained in n/^, that is, 

■■= #{j G {1, . . . , Hkn} : Jj C nie}. 

By assumption on the relation between kn and h, we have =5^ > 1 for every i € {1, ...,?}. 
For each such £, we also define ii := min{j € {1, . . . ,k} : Jj C nli}. Hence, it follows that 
Jj^, Jj^+i, . . . , Jj^+ C n/^. Moreover, by choice of the size of each block we have that 

^e^kn\Ie\ (2.5) 

First of all, recall that for every < Xj, < 1, we have 

JJa^i - JJ^i < ^ |xi - (2.6) 



We start by making the following approximation, in which we use (j2.6p and stationarity. 



< 2<^A'E ( 1 -e"'^""(-^i)' 



where maxjyi, . . . , y^} < K N. In order to show that we are allowed to use the above 
approximation we just need to check that E (l — e~-''^^n{Ji)'^ ^ q as n ^ 00. By Corollary 12.51 
we have 

E{e-''--^-''^) = {I - QnnQloM)) + Yl e-''Qn{nQ;fl\un)-nQ;,oM)+Err, (2.7) 

K=l 

where 

Err<cLn J2 nQpfiM n {Xj > Un}) + P(Xo > Un) I ^ 0, 

as n — )■ 00 by Dp{un)* and (|1.3p . Recall that for every non negative integer k, F{U^{un)) ~ 
(1 - 0)'^P(C/(o)(u„)), which implies that P(QOo('u„) ~ 0P(Xo > u„) and (P(Q^o^(n„) - 

P(Q;;n(nn)) ~ 6*2(1 - 9)''-^F(Xo > Un). Applying this to (EZl) we get E (e" '^""(■^1)) > 1, 

on account of ()1.3p again. 
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Now, we proceed with another approximation which consists of replacing Jj by J*. Using 
(j2.6p . stationarity and (j2.5p . we have 



E ( Q^^'i=iyi^7X' ^^^^^-^^^ 1 - E ( e" 



j < E (^1 - e" ^^^^-^--(■^0^ 



1=1 



where max{yi, . . . , y^} < i(' € N. Now, we must show that fc„E(l — e"'^"*-"^!^ j — )• 0, as 
n — > oo, in order for the approximation make sense. By Corollary 12.51 we have 

tn/P 

E L-^^^uM\ = (1 _ t„P(QO + (lP(Qp,o'("n) - IP(Qp,0(^n)) + (2-8) 



K = l 



where 



j=p+l 



0, 



as n — )■ oo by Dp{un)* ■ Hence, since by property (R2) of the repelling periodic point we have 
nQpfliun)) ~ 9F{Xo > Un) and (p(g^ q^K)) - P(Q^^oK))) ~ ^'(1 - e)^~^F{Xo > Un), 



2.8p gives 



tn/p 



fc„E (l - e-^-r.{J[)^^ ^ Ktn9¥{Xo > Un) - kntnFiXo > Un) e'^'e^l - 0)""^ ^ 0, (2.9) 
as n oo, by (|1.3p . 



K = l 



Let us fix now some £ G {1, . . . , <;} and i G {i^, . . . + y^}. Let Mj = y^- * (Jj) 

and L^- = Yll-i_^i Hi Yl]^=i^' '^u^i-Jj)- Using stationarity and Corollarv 12 . 71 along with the fact 
that L{un,t) ^ 7(?i,t), we obtain 



E e 



-y,-._/r„„(J*.)-Mi, + l-L; 



-Mi 



< CTr. 



where 



Qn 



Tn = Qn7{n,tn) + 0n Yl ^(<3p,oK) H {Xj > Un}) + F{Xo > Un). 



j=p+l 



Since E ^e fr'^n(-^i)^ < 1, it follows by the same argument that 



E e 



-M,.-L: 



-Mi,+ 2-L; 



< 



+ E(e-^^-=^-(-^i*)) |E(e-'^V-+i-^i) - E(e-J'r^-(^i*))E(e-''V2-^^- 



<2CTn, 



22 A. C. M. FREITAS, J. M. FREITAS, AND M. TODD 

Hence, proceeding inductively with respect to i € {i^, . . . + ■^(}-> obtain 



1=1 



In the same way, if we proceed inductively with respect to £ G {1, ...,(;"}, we get 

=1 ' ■ 1=1 

By ([23]) . we have XlLi ^ HknTn and 

j=p+l 

as n — oo, by Dp(n„)*, Dp(n„)* and p.3|) . 

Using (j2.6p and stationarity, again, we have the final approximation 



e=i 



<i^^^^E(^l-e-^^""(^i) 
e=i 



Since in l\2.9\\ we have already proved that k^M — e -^"('^i) j — )• 0, as n ^ oo, we only need 
to gather all the approximations and recall (j2.5p to finally obtain the stated result. □ 



Proof of Theorem^ By \K86\ Theorem 4.2], in order to prove convergence of EPP Nn to 
the compound Poisson process A^, it is sufficient to show that for any disjoint intervals 
Ii, /2, . . . , /<j G 5, the joint distribution of Nn over these intervals converges to the joint 
distribution of N over the same intervals, i.e., 

{N,,{h),Nn{l2), NM) > (Nih), Nih), N{I,)), 

n— >oo 

which will be the case if the corresponding joint Laplace transforms converge. Hence, we only 
need to show that 

V'Af„(yi,2/2,--- ,y?) ^'07v(yi,y2,---,yJ = e-^^^=i(^-'^(J'^))l-^^l, as n ^ cxd. 



for every ? non- negative values yi, ?/2, • • • , y?, each choice of? disjoint intervals Ii, I2, . . . , Iq £ S 
and each G N. As before, (p is the Laplace transform of the multiplicity distribution, i.e.. 
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^(y) = E"=oe~^"^('^)- Note that V7V„ (2/1,2/2, • • • = E (e" ^Li and 



< 



+ 



1=1 



Recalling that u„ ~ n/r, then, by Proposition 12.81 the first term on the right of the previous 
equation goes to as n — > 00. Moreover, the second term also vanishes if 



e 



-eril-cPiy)) 



(2.10) 



for every y G Mq . Hence, the result will follow as soon as we show that (j2.10p holds. By 
Corollarv 12.41 we have 

n/{pkn) 



E (e-^<^,o" j = l.P«/J" = 0)+ Y: ^-'^n^Zit = ^) 



K=l 

n/{pkn) 



K=l 



1 - £p(QO ^K)) + ^ e-y^^ {nQ;;oH^n)) - nQU^n)) + Err, 



where 



n/kn 



Err\ <C\^Y. ^iQlfi{un),Xj > u„) + P(Xo > n„) 



for some C > 0. Since, by condition D'p{un)* , we have that kn\Err\ ^> 0, as n — t- 00, and 
P(Q^o) ~ ^(1 - OT^iXo > un), then it follows that 



n/(pk„) 



1 _ E (e-y<!'o"^ ~ ■^nP(Xo > Un)e 1 1 - Yl ^"^''(1 - I ~ p-^^ (1 - • 

Consequently, we have 



K=l 



E^n L-y<lfi- ) ~ ( 1 - -^t9{1 - 4>{y)) 

V ^ \ fen 



-Te(l-<^{j/)) 



as n 00. 



□ 



3. Applications to expanding systems 

We will start this section by showing Theorem [2] that gives abstract conditions in order to 
check DP{un)* and D'p{un)* ■ We will end the section with a couple of examples that satisfy 
such abstract conditions. In between, we introduce notation and concepts that are needed to 
fit the examples into the abstract setting of Theorem [21 
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3.1. Mixing rates and conditions DP{un)* and Dp{un)*. 

Proof of Theorem^ We start by checking condition DP{un)* , which is straightforward. 
Take ch = In"^! /„ \, '0 = \, in (11.101) . By assumption, there exists C > such 

that In"! In \ ^ C , for all n G N and ki € Nn. Hence by setting c = CC", we have that 

condition DP{un)* holds with 7(72, t) = 'y{t) := ct~'^ and the sequence t„ = "n?^^, for example. 
We now turn to Dp{un)* ■ Taking (p = 1qj^(u„) and ip = lxo>n„ in (|1-10P we easily get 



-2 



< F{Xo > un) (P(QpK)) + CC'r^) . (3.1) 

By the Hartman-Grobman theorem there is a neighbourhood V around C, where / is conjugate 
to its linear approximation given by the derivative at Q. Hence, for n is sufficiently large so 
that Un C y, if a point starts in Qp{un) it takes a time an to leave V, during which it is 
guaranteed that it does not return to Moreover, since by condition |(R1)| and definition 
of Un, we have that C/„ shrinks to C as n — > cxd, then — > 00 as n ^ 00. This together with 
(II. 3p . the definition of kn and (13. ip implies that 



[n/k„] [n/kn] 

n ^ P {Qp{un) n f-^Xo > Un)) = n P (Qp(n„) n f-^Xo > n„)) 

j=l j=a„ 



2 •'O 
^P(Xo > UnMQpiUn)) + nP(Xo > 

as n — )■ 00. 

□ 



Remark 4. We remark that decay of correlations against is only crucial to prove Dp{un)* 
since it is responsible for the factor P(Xo > Un) in equation (|3.ip . However, to prove DP{un)* 
one does not need such a strong statement regarding decay of correlations. Namely, the 
condition would still hold if was replaced by L°°, for example. 

Remark 5. Note that, in the proof above, to check D^iun)* , it was useful that 1q"1|(u^) G C 

and /„ ^ < C . However, D'^(un)* can still be checked even when l^^i 4. C. This 

is the case when C is the Banach space of Holder observables which is used, for example, to 
obtain decay of correlations for systems with Young towers. Next, Proposition states that 
even in these cases can still be checked. 

Proposition 3.1. Assume that f : X ^ X is a system with an acip /i, and such that 
G L^^^ . Assume, moreover, that the system has decay of correlations of any Holder 
continuous function v of exponent (3, against any ^ G so that there exists some C > 
independent ofv,ip and n such that 



V ■ {ip o f^)d^ — / vd^ / tl^dfi 



< CMuMWooQit), 
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where |t;|-H^ = sup^-^^ and = ||i^||oo + klw^ • LetXo,Xi,... be given by ([TT]), 

where ip achieves a global maximum at the repelling periodic point C,, of prime period p, and 
conditions I (Rl) I anrf |(R2y] hold. Then D^^Un)* also holds. 

Proof. Essentially, we just need to follow the proof of [CPU Lemma 3.3] and use a Holder 
continuous approximation for The only extra difficulty is that we need an upper 

bound that works for all ki G Nq. However, the following trivial observation makes it possible: 

^ 2P (qI'oM) - ^(1 - er^FiXo > un) y 0. 

□ 



3.2. Equilibrium states and Banach spaces of observable functions. Let f : X ^ X 

be a measurable function as above. For a measurable potential (;/) : A" — )> M, we define the 
pressure of {X, /, (p) to be 

P{4>) ■= sup < h{i-i) + / cf) dfi : — / (f) dfi < oo> , 
fi€Mf [ J J J 

where h{fi) denotes the metric entropy of the measure /i, see |W82j for details. If, for fi is 
an invariant probability measure such that + J (p d/j, = P{<p), then we say that is an 

equilibrium state for {X,f,(j)). 

A measure m is called a <j)-conformal measure if m(X) = 1 and if whenever f : A ^ /(^) is 
a bijection, for a Borel set A, then m{f{A)) = jj^e~'^ dm. Therefore, setting 

5„0(x) := (Pix) + ■■■ + (!) of^-\x), 
if /" : ^ ^ /"(A) is a bijection then m(/"(^)) = e'^"'^ dm. 

Note that for example for a smooth map interval map /, Lebesgue measure is (/)-conformal 
for (j){x) := — log \Df{x)\. Moreover, if for example / is a topologically transitive quadratic 
interval map then as in Ledrappier |Le81j . any acip fj, with h{fi) > is an equilibrium state 
for (j). This also holds for the even simpler case of piecewise smooth uniformly expanding 
maps, which we consider below. This is the case we principally consider in this paper. For 
results on more general equilibrium states see [FFTllj . 

We finish this section with the definition of two Banach spaces of observable functions and 
the respective norms that will be used to state decay of correlations against for piecewise 
expanding maps of the interval and in higher dimensional compact manifolds. 

Given a potential : y — )• M on an interval Y, the variation of is defined as 

Var(V') := sup |^ \ip{xi+i) - ip(.Xi)\^ , 
where the supremum is taken over all finite ordered sequences (xj)"^Q C Y. 
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We use the norm HV'llBy = suplV'l +Var(^), which makes BV := {ip : Y ^ K : ||^||bv^ < 00} 
into a Banach space. 

Now, let X he & compact subset of M" and let ^p : X ^ M. Given a Borel set F C we 
define the oscillation of ip G L^(Leb) over T as 

osc(V', r) := ess sup'0 — ess inf ijj. 

r r 

It is easy to verify that x 1-^ osc('0, -Be (a;)) defines a measurable function (see |S00t Proposition 
3.1]). Given real numbers < q < 1 and eo > 0, we define a-seminorm of ip as 

IV'U = sup e~" / osc(V', -^^(x)) dLeb(x). 

0<e<eo Jm.^ 

Let us consider the space of functions with bounded a-seminorm = {V' S L^(Leb) : {ipla < 
00}, and endow Va with the norm || • ||q, = || • ||Li(Leb) + I ' U which makes it into a Banach 
space. We note that Va is independent of the choice of Eq. 



3.3. Examples of specific dynamical systems. 



3.3.1. Rychlik systems. The first class of examples to which we apply our results is the class 
of interval maps considered by Rychlik in |R83j , that is given by a triple (Y, /, (p) , where Y 
is an interval, / a piecewise expanding interval map (possibly with countable discontinuity 
points) and (j) & certain potential. This class includes, for example, piecewise uniformly 
expanding maps of the unit interval with the relevant physical measures. We refer to |R83j 
or to |FFT121 Section 4.1] for details on the definition of such class and instead give the 
following list of examples of maps in such class: 

• Given m G {2, 3, . . .}, let / : x mx mod 1 and (/> = — log m. Then = fi^ = Leb. 

• Let f : X ^ 2x mod 1 and for a € (0, 1), let 



Pix) :-- 



-logo if 2; G (0,1/2) 

-log(l-a) if 2; G (1/2,1) 

(and <j) = —00 elsewhere). Then = fi^ is the (a, 1 — a)-Bernoulli measure on [0, 1]. 

• Let / : (0,1] ^ (0,1] and p : (-00, 0) be defined as f{x) = 2^(x - and p{x) := 
— /clog 2 for X G (2"'^, 2^^"+^]. Then = //^ = Leb. 

In order to prove Corollary [3l we basically need to show that these systems satisfy the con- 
ditions of Theorem [2j 

In this setting, as in |R83j . there is a unique /-invariant probability measure fi^f, <C which 

is also an equilibrium state for {Y, f, p) with a strictly positive density G BV . Moreover, 

there exists exponential decay of correlations against Lp{m^), i.e., there exist C > and 
/3 > 0, such that for any v G BV and ip G Lp{m^) we have 



ipo P -v dfi^ - ip dfj,^ / V dfj,^ 
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Assume that C is such that < -^jj^iC) < and the observable : A" ^ M U {+00} is of the 
form (as considered in [FFTll] and |FFT12[ Section 3.2] ) 

^(a^) =5(M^(5dist(x,c)(0) > 

where dist(-) is a Riemannian metric on X and the function g : [0, +00) — ?■ M U {+00} is such 
that is a global maximum {g{0) may be +00); g is a strictly decreasing bijection g : V ^ W 
in a neighbourhood V of 0; and has one of the three types of described in [FFTlOl Section 1.1] 
or |FFT12[ Section 3.1]. 

Assume further that ^ is a repelling p-periodic point, which means that /^(C) = C) is 
differentiable at C and < |det L»(/-P)(C)| < 1. A s shown in |FFT12[ Theorem 5], the 
regularity of /i^ and (p guarantee that conditions | (Rl ) | and | (R2) | of Section [TTT] hold . Moreover, 
the EI is given by the formula 6 = 1 — e^p'f'^'^^ . 

Finally, since <5po('Un) is the union of two intervals, for all ki, we have that Ijlg'^i ^ 5, 

which means all the assumptions of Theorem [2] are verified and Corollary [3] holds. 



3.3.2. Piecewise expanding maps in higher dimensions. The second class of examples we con- 
sider here corresponds to a higher dimensional version of the piecewise expanding interval 
maps of the previous section. We refer to |S00l Section 2] for precise definition of this class 
of maps and give a very particular example corresponding to a uniformly expanding map on 
the 2-dimensional torus: 

• let = m2/z2 and consider the map / : ^ defined by the action of a 2 x 2 matrix 
with integer entries and eigenvalues Ai, A2 > 1. 

According to jSOOl Theorem 5.1], there exists an absolutely continuous invariant probability 
measure (a.c.i.p.) fj,. Also in |S001 Theorem 6.1], it is shown that on the mixing components 
/X enjoys exponential decay of correlations against observables on Va, more precisely, if the 
map / is as defined above and if /i is the mixing a.c.i.p., then there exist constants C < 00 
and 7 < 1 such that 

J^Pophdfi < (:7|l^||ii|l/i||c,7", V^A G L\ where ^ ^ d/i = and V/i € 

Assume that C is a Lebesgue density point with < 3j^(C) < 00 and the observable ip : X ^ 
M U {+c>o} is of the form 

(^(x) =5(dist(x,C)), (3.2) 

where dist(-) is a Riemannian metric on X and the function g : [0, +00) — > M U {+00} is such 
that is a global maximum {g{0) may be +00); g is a strictly decreasing bijection g : V ^ W 
in a neighbourhood V of 0; and has one of the three types of described in |FFT10|, Section 1.1] 
or |FFT12t Section 3.1]. This guarantees that condition |(R1)| of Section [1.11 holds. Assume 
further that is a repelling p-periodic point, which means that /^(C) = C) is differentiable 
at C and < |det L»(/-P)(C)| < 1. Then condition p2)] of Section O holds and the EI 



is equal to 6^ = 1 - \det D{f~P){C)\ (see |FFT121 Theorem 3]) It is also easy to check that 
ll-'-Q^^nn) II" is bounded by a positive constant, for all ki, which means that all conditions of 
Theorem [2] are satisfied and thus Corollary H] holds. 
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4. First return maps have the same statistics at periodic points as the 

ORIGINAL system 

In this section we will prove Theorem[5l The conditions in that theorem concern the dynamical 
system {X, f) along with potentials (p : X —?■ M, their conformal measures and equilibrium 
states. Moreover, the observable ip : X [—00,00] must behave reasonably well. We assume 
that X is a topological space with a Riemannian metric that we denote by dist(-). We also 
let -B^(C) denote an open ball of radius 77 centred at (. Moreover, we will assume: 

• (Ml) P{(P) = 0. 

• (M2) There exists a finite (^-conformal measure m and an equilibrium state fj, = pm 
with density p : X ^ [1/(7, C], some C > 0. 

Note that if P{(j)) is non-zero, but finite, then (p can be replaced hy cj) — P{(j)) in order to 
satisfy (Ml). We also require our system (X, /, (p), as well as our observable ip to behave well 
around our point of interest. We will fix a point C S X where /^(C) = C where p is the prime 
period. We assume: 

• (SI) For each eq G (0, 1), there exists uq < up such that U{u) is a topological ball for 
any u G [uq — e, up) and such that for each u G (uq, up), there exists n = n{uo, n) G N 
and e € (0, eo) with 

U{uo + e)crP{U{u))cU{uo-e). 

• (S2) For some 6 > 0, f^lsgiQ is a bijection onto its image and 

00 

sup ^ \4>{Xn) - (P{C)\ < 00 
\^-(\<Sn=0 

where Xn € Bs{C) are such that /^"(x„) = x. Moreover, < 0. 

Remark 6. A natural example where these conditions hold is the following. Suppose that X 
is an interval / and f^-.X^XisaC^ expanding map at C and ip is a potential as in (|3.2p 
(similarly if ^ is a subset of the complex plane and is holomorphic at C with \DfP{Q\ > 1). 
Then (SI) holds. In these two cases condition (S2) holds if </> : / ^ M is locally Holder at 
a particular example is if (j){x) = — log \Df{x)\. 

Before embarking on the proof of Theorem \5\ we prove a lemma which demonstrates how, 
given (SI) and (S2), the conformal measure scales around 

Lemma 4.1. Suppose that {X,f,(j)) is a dynamical system satisfying (Ml), (M2), (SI) and 
(S2). Then for any uq < up as in (SI), for u G {uo,up) and n as in (SI), 

m^{U{u)) X e"^-'^(^)7n<^(i7(no)). 



Note that in the case that / is a interval map, (p = — dist(-,(^) and (p = — log \Df\, with 
being Lebesgue measure, this lemma implies the elementary fact that for small (5 > 
the Lebesgue measure of the ball Bxs{Q for A = 1-0/^(^)1"" is approximately the same as 
1-^/^(0 1 ~" times the Lebesgue measure of Bs{C)- 
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Proof. We fix uq < up and Eq > compatible with (SI). (S2) implies that for u close to up, 
{pP{U{u))) = [ e-^"^^ dm^ x / e-'^'^pm dm^ = e-""^^^^^^ m^{U {u)) . 

Ju{u) Ju{u) 

Since (SI) implies that there exists e G (0, eo) such that for u € {uo,up) there exists n E N 
such that U (mq + £) C f^P{U (u)) C U{uo — e) , treating all such sets as having approximately 
the same measure, we obtain m^{U{u)) x e"'^p'^^'^^mfj,{U{u())), as required. □ 

Proof of Theorem [5j For this proof, we will drop the <j) subscript for fj,, m and p. Recall that 
fi = and for any V <Z X, the function ry is the first hitting time to V hy f . 

We will fix some scale uq < up satisfying (SI) and define ^/(n and v as in p.5p . 

We will prove the theorem for returns rather than hits, that is, we consider 

lim fJ'Uiu) {{^uivJ) = k}) 

rather than limu^u^, /_f ({./^^(uJ) = k}). The reason we do so is because, in this setting, we 
start on U{u) for both the induced and the original map and this helps to obtain a relation 
between induced return times and return times to U{u). If we were to consider hitting times 
rather than return times then we would have to start on X oi on X depending on whether 
we were considering the induced map or the original map, respectively. 

Our hypothesis is that, for every J G 5 and k G Nq, 

where H is such that H{J, •) corresponds to a d.f. of an integer valued r.v., \ims^oH{{l =b 
5)J,k) = H{J,k), for every k. It is easy to check that, for the limiting compound Poisson 
process with a cluster at time 0, we have 

limF([0,t),l)= lim 4^)^. (4.1) 

t->0 u-^UF fl{U{u)) 

We want to show that, for every J £ S and k € Nq, 

lim f^U(u) {{^u{vJ) < k}) = H{J,k). 

This relation between the induced and the original return times point processes can be con- 
verted back to hitting times by applying the results in |CK061 IIILV07| o 

Let 

n-l 



For fi-a.e. x X, 



n 
i=0 



En{x) ^ c := / d/i 
J A 

2. 



The relation in (|1.4|l between the distribution of the first hitting time and the first return time was extended 
in [CK06) to the fc-th hitting and return time, which were related by a similar integral equation. Then, based 
on this result, in [HLV07) a similar relation between the limits for the Hitting and Return Times point processes 
was proved. 
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where the final equality follows from Kac's Theorem. 

For /x-a.e. x G X, there exists a finite number j{x,e) such that \En{x) — c\ < e for all 
n ^ j{x,e). Let := {x G X : j{x,e) < n}. Moreover, we define N = N{e) to be such that 
fi{G%)>l-e. 



Since 

n-l 



cn 

i=0 



< en for x £ G% and n ^ A^, 



for all such n, there exists s = s{x) with \s\ < en such that /""(x) = f^"'~^^{x). Then we have 

ru{u){x) = cfu(u){x)+s 
for some \s\ < efij(^y_-j{x) whenever r(/(u)(3;) ^ N and x € 

We again use the notation for the hierarchy of balls and annuli around C denoted U^{u) and 
Q'^{u), respectively, where U^{u) corresponds to an exceedance of the threshold u. 



G%Z--= {xeQ'-{uo):n{x)GG%}. 



For e, r/o > 0, 

We use the idea that we can fix some scale uq and have 'sufficiently dense' in Q^{uo), and 
then pull back by n{uo,u) (as in (SI)) steps to get points in being sufficiently dense in 
QO(n). We let G;v,n = G^„. 

Lemma 4.2. There exist j,ui > depending on (M2), (SI) and (S2) such that: 



(1) For each e > and u S [ui,uf), there exists iV € N such that ^qo(„)(G7v) > 1 — e. 

(2) Fix uq < Up and eo > satisfying (SI) and so that uq — eo > ui. If e > and uq and 
N are as in (1), then for each u G {uq,uf), for n given by (SI), 

iGN,n) > 1 - 7e. 



Proof. We fix some uq < up and eo > as in (SI). Let u be any value in [uq — eQ,UF)- 
The fact that we can choose N large enough that AiQO(u)(G^) ^ e follows from the ergodic 
theorem, so (1) is immediate. 

The bound G on the density p given in (M2) implies that "^^(G^nQOiuo)) ^ gy m-^y 

U{uo + eo) C /"P(C/(w)) C U{uo - eo). By (1) and (S2) there exists G^ > such that 

m4G% n Q°(^zo)) = G} [ e-^""^ dm^ 

Jf-"nG%)nQO{u) 

= Gfm^ (/-"P(G^) n Q\n)) e-'-^^^O 
= Gfm^ (G^,„nQO(n))e-^-'^(f). 

Similarly 

m^iQ\u)) = Gf m4QO(uo))e^-'^K). 
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Hence MQO{ti)(G'Arn) ^ ^0^^^- Putting these facts together, along with the density bound, 
implies that the lemma holds with 7 = C^C^. □ 

In the proof of this lemma, we implicitly used the set Q^{uq) which we now define as the 

/"P(QO(n)). Moreover, we set Q%uo) := pP{Q\u)) (note that for i > n, Q'{uo) = 

and G]\f^n = G (5"'(wo) : f^^{x) G G^j. Note that the lemma also holds for these sets. 

For each x € {jyu{vJ){x) = k}, let a{K){x) denote the number of escaping returns among 
the total amount of returns, k € Nq, i.e., returns to Qp{u). This means that there exist a(K) 
clusters, with sizes: . . . ,l3a{K)i such that /?! + ... + = k. Also, for any x G U{u) 

and i = 2, . . . , K, let 'f^(^^-j{x) := '"[/(u) (Z^*^*"' ){^)^ where rfjl^^^{x) = 0, since we start on U (n). 
Observe that the escaping returns correspond to the indices i for which there exist j such 
that i = /?! + ...+ /3j. Also note that we can split the returns in two classes: 

• the first one corresponds to the intra-cluster returns: one of a series of returns ending 
with the respective escaping return, i.e., corresponding to the indices i for which there 
exists 1 < j < a{K) - 1 such that /3i + . . . + /3j + 1 < i < /3i + . . . + /3j+i; 

• the second one refers to the inter- cluster returns: one of the returns in the time 
gap between two clusters, i.e., corresponding to the indices i for which there exists 
1 ^ J ^ ct{K) — 1 such that i = /3i + . . . + /3j + 1. We shall denote these inter-cluster 
returns by := /3i + . . . + /3j + 1, with 1 < j < — 1. 

For the induced map, we can define in the natural way. Our goal is to relate the the 

return times of the original system with the corresponding ones of the induced map. 

We recall that our choice of X was such that is the only point of its orbit belonging to X. 
Hence, for the intra-cluster returns the relation is obvious: 



'U{u) ~ ' U(u) 



+ (4.2) 



The hard part is to get a relation for the intra-cluster returns. For these we will use the 
ergodic theorem t 
return time to X . 



ergodic theorem to show that is approximately cr\j^^y where c is the expected first 



Observe that in order to have a cluster of size /3, there must be an entrance in Q^~^I^[uq). For 
every i = 1, . . . , a(K), we define f5* = n + f3i and write: 

Now, for each j = 1, . . . , a{k) — 1, we may split Q^i (uq) in the following way: 

Q^Huo) = (q^Huo) n Gm,^^ n {f-u^^) o f> ^ iV})u(g^l(no) n (g^,^, u {fu^^) o fP < iv})) 
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Using Lemma 14.2^ for any e > 0, we can choose N sufficiently large so that 

mu) {q'Huo) n G^,,;) < /.^..^^^^ (g^,,.) < e, (4.3) 
independently of n and /3j. 

Moreover, for x £ Q^^ [uq), since /^^^(x) € Q^{u), we have rjj(u)°f^^^{x) = rjj(u)°f^^^{x)+pn 
(alternatively o /^iP(x) = r^/^^) o f^J^{x) + n). Therefore using the idea of Lemma 
again, 

^Q^^*{«o) (^^^(") ° - ^0 ~ ^«°(") > iV + n}) 

Using the facts that fi{U{u)){N + n) x ne""^*"^^^ where n = n{uQ,u) as n ^ oo as u — )■ Ui;', 
S'p(C) < and (gU it follows that 

^^ V (\- l^{U{u)){N + n)\\ ^. m(QO(u)) 

Jnn^ /^QOM ({r^W > + n}) = Jnn^ ^r^(.) > j J ^^^(^ 

= limi7([0,t),l) hm ^^^^^ = 1. 
Therefore for every e > for u close enough to up, we have that 

f^Uiu) (Q^Huo) n {ruin) ° /''^ < iV}) < o f> < iV}) < 6. (4.4) 

Consider the event 

/-^^(") (Q^^*(no) n Gm,i3* n {ft;(„) o ^ iV}^ 
E°ii' ft = « 

Since a{K) < k, by stationarity, ()4.3p and ()4.4p . for N sufficiently large and r sufficiently 
small we have 

f^Uiu){^u(.vJ) = k) - {E{k,U,J)) 

< i^mu) {Q^*' (^o) n G%^p,^ + K^xu(^u) [Q^*' {uo) n {f-u^u) o f> < iV}) < 2Ke (4.5) 
Moreover, for x G E{k, u, J), by definition of Gn,o, it follows that for every j = 1, . . . , a(K) — 1, 

(i ■) 

there exists < ^"f^^^u^ix) such that 

-S;(i)(^) = 4(l)(^) + «r (4-6) 
Since v = v/c, from ()4.6p . we easily get that for x € E{k, u, J) and every j = 1, . . . , q(k) — 1 

4f^^{x) e t;, J ^ 4f^^{x) e ^(1 + e/c) J (4.7) 

and 

G i)(l - e/c)J 4{l^{x) G vJ. (4.8) 

Besides, since for u sufficiently close to up, we have p—l< ve/cJsup, then, by (j4.2p . relations 
(|477P and (jMl) hold for alH = 1, . . . , k. Hence, 

(=A (-0(1 - £/c)J) = k) < ixu(u) {EiK,u,J)) < Hu{u){^uiv{l+£/c)J) = k). 



THE COMPOUND POISSON DISTRIBUTION IN NON-UNIFORMLY HYPERBOLIC SYSTEMS 



33 



Recalling that fiu^^u) = P'Uiu)! taking limits as u — > up, by hypothesis, we get that 
H{{l-e/c)J,K)-H{{l-e/c)J,K-l) < fiu^^) {E{k,u,J)) < H{{l+e/c)J,K)-H{{l+e/c)J,K-l). 

Finally, using (I4.5p and that lim5_j.o H{{1 ± S)J, k) = H{J, k), we get for all k e No 

lim l^u(u){^u{vJ) = k) = H{J,k). 

Moreover, the limit above can be shown to be uniform in k. To that end, notice that 

V^U(u){'^uivJ) > k) < fiu{u) (^(""[0, Jsup)) > 

< fJ'Uiu) (-^(t^[0, Jsup)) > Kj 

= fJ'U(u) (^uivc[0, Jsup)) > k) > 1 - H ([0, cJsup), k) > 0. 

This implies that we can choose K{e) such that fJ.u(^u) {'^(vJ) > K{e)) < e. Then we only 
have to consider that is sufficiently large and u is sufficiently close to Ui;' so that e from 
(|4.3p and (j4.4p is such that e < e/K{e) to conclude that approximation (j4.5p does not depend 
on K anymore. □ 

5. Extending Poisson statistics at periodic points beyond systems with good 

first return maps 

Given |FFT1H Proposition 1] and Theorem O the proof of Theorem [6] is almost identical to 
that of |BV031 Theorem 2], the main difference being that in that paper they were interested 
in z being a typical point of /i (i.e., they needed the result to hold for fi-a.e. z I), while here 
we are picking a specific point. The only place where this issue arises in |BV03j is in Lemma 
4 of that paper, where the summability condition guarantees that (|1.13p automatically holds 
at fi-a.e. point. This is why we need to add (jl.l3p to our assumptions. Due to these strong 
similarities with a previous work, we only sketch the proof here. Moreover, since the argument 
is the same for the Poisson statistics, we only focus on the first hitting time distribution. 

Remark 7. Note that |BT091 Lemma 10] extends |BV031 Lemma 4] to remove the necessity 
of the summability condition. However, the proof of that result used the fact that they were 
only interested in typical points of n rather strongly, so that method seems unlikely to extend 
to our setting here. 

The map / is not a first return map in this case; indeed no first return map will be a Rychlik 
map as in [FFTIH Proposition 1]. Instead the system is lifted to a Hofbauer extension/tower 
(see |H80]IK89] ): there is a countable collection of intervals V = {D^} and a set / = UD^evDk 
with a map f : I ^ I semiconjugate to / by a projection map vr, i.e., the following diagram 
commutes: 

/ 4 / 

vr I I TT 
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By |K89j . for any ergodic invariant probability measure on / with positive entropy, there is 
an ergodic invariant probabihty measure u on I such that v = P o vr"^. 

The system (/, /) has a Markov structure which means that for any interval U compactly 

contained in a set D £ V, the first return map to : UiUi -^U \s such that for each i € N, 

Fq : Ui ^ U is a. diffeomorphism (note that we can also choose U so that the sets {Ui}i do not 

overlap). Moreover, this map has bounded distortion: there exists K ^ 1 such that for any 
DF-(x) ~ 1 I 

i E N, ^y-^ ^ K for any x,y ^Ui. In [BV03J, the set U is chosen to be a certain union of 

such intervals. Defining Z/^ := TiiU), we let Fi({x) = 7roF^(x) where 7r(x) = x (the special way 
that U was chosen means that any such x gives the same value). Then as in |BV031 Lemma 
3], Fu is a Rychlik map. Hence by [FFTlli Proposition 1] Fu has RTS e"^* at C- Since Fu is 
not, in general, a first return map for all points in U, we have to do a bit more work before 
concluding that the original map has the same statistics. 

Let Q^{u,U) := tt"^ [Q^ (u)) (lU . Above we have shown that the distribution of the normalised 
first return time ?'qO(-u^) converges to e~^* as i] — )• 0. Now for x G Q^{u), let ^qo(^uU)(^) ~ 
"^Q^iuU)^^) where x e Q^{u,U) has tt{x) = x (again any such point suffices). The analogy of 
[BV031 Lemma 4] in our case is the statement that 

as we shrink both ij to zero and our set U so that U = tt{U) shrinks to z. Thus the normalised 
distribution of ?'qo(„) also converges to e~^* as rjr — > 0, as required. 

6. Exclusion of parameters for quadratic interval maps 

In this section we show how we can adapt the procedure of exclusion of parameters of 
Benedicks-Carleson for the quadratic map, in order to guarantee that condition (|1.13p holds 
for periodic points on a positive Lebesgue measure set of parameters. We consider the qua- 
dratic family of maps fa ■ [—1,1] — > [— l^l], given by fa{x) = 1 — ax'^ where a < 2 is a 
parameter close to the value a = 2, for which the orbit of the critical point ends up at the 
fixed point —1. For that reason we call /2 the full quadratic map. In what follows will use D 
to denote the derivative with respect to x, so, for example, Dfa{x) = ^^^^^^ = -2ax. 

Let C2 be a hyperbolic repelling point of /2, i.e., there exists g G N such that /|(C2) = C2 and 
|Z?/2(C2)| > 1- Then there exists oq < 2 such that for a G (ao,2] there is a corresponding 
hyperbolic continuation (a such that /a(Ca) = Ca, \Dfa{(a)\ > 1 and a i-7> Ca is analytic in 
(ao,2). The following theorem says that given such a point ^2 G (—1, 1), iiot in the critical 
orbit we can find a large set of maps fa which have a hyperbolic continuation of C2 and 
such that the density of the acip /i = /Uq is bounded at Ca- (Note that the density of fi2 is 
clearly bounded at ^2-) 

Theorem 7. Let (2 be a repelling periodic point of f2, of prime period g G N and distinct 
from the critical orbit. Consider its hyperbolic continuation C,a for a sufficiently close to the 
parameter value 2. Then there exists a positive Lebesgue measure set of parameters Vtoo = 
^00 (C2)) for which fa has an acip and such that condition ()1.13p holds for C^a, for all a G Oqo- 
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Corollary 8. Let C,2 be a repelling periodic point 0//2, of prime period (/ € N and distinct 
from the critical orbit. Consider its hyperbolic continuation for a sufficiently close to the 
parameter value 2. Then there exists a positive Lebesgue measure set of parameters ^l^o = 
r2oo(C2) such that the REPP converges to a compound Poisson process, as in Theorem^ with 
6=1- \Df^((^)\ ' f"'^ ^ € ^oo- 

Proof. This is immediate from Theorems [5] and [6] since (I1.13P holds at all such C,a ■ D 

The Benedicks-Car leson Theorem (see |BC85j or Section 2 of [BC91j ) states that there exists 
a positive Lebesgue measure set of parameters, BC, verifying 



The condition (jECp is usually known as the Collet-Eckmann condition which was introduced 
in [CE83j and admits, among other things, the proof of the existence of an acip, which was the 
major goal of the celebrated paper of Jakobson |J81j . We will adapt the Benedicks-Carleson 
argument, using the presentation of their construction in |M93| . which particularly suits our 
purposes here. 

We define the critical region as the interval (—5,(5), where 5 = > is chosen small, but 
much larger than 2 — a. This region is partitioned into the intervals {—5,5) = Um>A-^"i' 
where Im = (e~''™+"^\ e"™] for m > and Im = [— e"^,— e™~^) for m < 0; then each is 
further subdivided into m? intervals {Im,j} of equal length inducing the partition P of [— 1, 1] 
into [—1, —5) U Umj ^rn,j U {5, 1]. For definiteness, the smaller the j = 1, . . . ,m? the closer 
Im,j is to the critical point. Civen J € let nJ denote the interval n times the length of J 
centred at J and define I^- = and '■= (— e~'",e~™), for every m G N. 

6.1. Expansion outside the critical region. There is cq > and Mq € N such that for 
all a sufficiently close to 2 we have 



While the orbit goes through a free period its iterates are always away from the critical region 
which means that the above estimates apply and it experiences an exponential growth of the 
derivative. However, it is inevitable that the orbit of almost every 2; € [—1,1] makes a return 
to the critical region. We say that n G N is a return time of the orbit of x if f2{x) G (—(5, 5). 
Every free period of x ends with a free return to the critical region. We say that the return 
has depth m G N if /"(x) G I±m- Once in the critical region, the orbit of x initiates a binding 
with the critical point. 

6.2. Bound period definition and properties. Let /3 = 2a. For every x G {—5, 5) define 
p{x) to be the largest integer p such that \fa{x) — /a (0)| < e~^^, Mk < p. For every \m\ > A 
we define pm = min^^i^^ p{x) . The orbit of x G is said to be bound to the critical point 



there is c> (c « log 2) such that |L>/^(/a(0))| > e'^" for ah n G Nq; 
there is a small a > such that 1/^ (0)| > e""" for ah n G N. 



(EG) 
(BA) 



(1) Ifx,...,/ri(x)^( 

(2) Ux,...,ftHx)^{ 

(3) Ux,...JtHx)^{ 



5,5) and k > Mq, then \Df^{x)\ > e""^; 

5,5) and f^{x) G (-5,5), then \Df^ix)\ > e'^o^ 

5,5), then \Df^{x)\ > 5e'=o^ 
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during the period < k < Pm- The bound period Pm of the points x € 1^; for each |m| < A 
satisfies the fohowing properties: 

(1) i|m| <pm < 3|m|; 

(2) there exists B >0 such that ^ < ^^f}^]] < B iov all k = 1, ... ,pm - 1 

(3) > e(i-4/3)H. 

The bound period plays a prominent role in the proof of the Benedicks-Carleson Theorem. 
Roughly speaking, while the orbit of the critical point is outside the critical region we have 
expansion (see Subsection I6.ip ; when it returns we have a serious setback in the expansion 
but then, by continuity, the orbit repeats its early history regaining expansion on account of 
()EGp . To arrange for the exponential growth of the derivative along the critical orbit ()EGp 
one has to guarantee that the losses at the returns are not too drastic; hence, by parameter 
elimination, the basic assumption condition ()BAp is imposed. The argument is mounted in a 
very intricate induction scheme that guarantees both the conditions for the parameters that 
survive the exclusions. 



6.3. Spatial and parameter resemblances. One of the keys of the parameter exclusion 
argument is that one can import properties observed in the ambient space [—1, 1] to the set 
of parameters. The main tool to achieve that is the fact that, as long as we have exponen- 
tial growth of the spatial derivative along the critical orbit, spatial derivatives are close to 
parameter derivatives. To be more specific let ^n(a) := /^(O) ^^(a) := Then 
given 2/3 < c < log 2, there exists A'^o such that, for every n > Nq, if Dfi(l) > S-' for all 
j = 1, . . . TVo and Dfi{l) > e^^' for all j = 1, . . . , n - 1 then 

IM < < A, 

where A = 8. 

Another important issue regards the bound periods whose definition in Subsection 16.21 clearly 
depends on the parameter o. So here we will express that by writing Pm,a to record this fact. 
Now, for a parameter interval uj such that 5,n{'-^) C Im for some \m\ > A we define 

p{uj,m) = mmpm,a- 

It is possible to show that if ^n(w) C Im for some \m\ > A, then the properties ([1]) to ([3]) of 
Subsection 16.21 hold for p{uj, m) in the place of pm and all a £ tu. 



6.4. Construction of the parameter set. Let C2 be a repelling periodic point of /2, of 
prime period g € N and distinct from the critical orbit. Consider its hyperbolic continuation 
for a sufficiently close to the parameter value 2. Our goal is to show that there exists 
a positive Lebesgue measure set of parameters Jloo satisfying ([EG]), ()BAp and such that 
condition (jl.l3p holds for d^a, for all a € ^00 ■ We will achieve this by imposing some sort of 
basic assumption (IBAp with respect to the periodic point Ca- We call it periodic assumption 
and basically we will require that the critical orbit does not go near the periodic orbit (a too 
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quickly. Namely, let 7 = minj=o,...,ij-i I — 1 — /2(C2)|) A''i G N be such that for all n > A''i we 
have e""^" < 7/4 and consider 

min \Cn{a) - /^(Ca)| > 7/4, for all n = 1, . . . , TVi and 

' , . , (PA) 

. min ^„(a) - /^(Ca) > e-"^ for ah n > iVi. 

j=0,.. .,(?-! 

For what follows we need to introduce finite time versions of the conditions ()EGp . ()BAp and 
(jPAp . which we will denote by (jEGI n). (jBAl ,) and (jPAl , ) . respectively: these are defined in 
exactly the same way as the original conditions, except that they hold only up to time n G N, 
instead of for all the integers. 

Next, we give the procedure of parameter exclusion of Benedicks-Carleson as in |M93j with 
some changes in order guarantee that at the end (jPAp holds. 

Related to the partition V of the phase space / = [— 1, 1], we will define inductively a sequence 
of partitions VojVi,. . . in the space of parameters in order to obtain bounded distortion of 
in each element uj S Vn- Notice that the sets 

= [J ^ 

of parameters, which satisfy all the discussed conditions up to time n, form a decreasing 
sequence of parameter sets whose limit ^loo will have positive Lebesgue measure. For each 
w G "Pnj we will also define inductively the sets Rn{^) = {zi, ■ ■ ■ , z^^n)}^ which correspond to 
the return times of a; G "P^ up to n and a set Qn{^) = {{fni, ki), . . . , {mj(^n)j fc7(n))}i which 
records the indices of the intervals such that fa^{uj) C ^, , i = 1, . . . , 

To begin the construction, we proceed as in the original argument by choosing the constants 
appearing m (lEG]l and (fBAl) . namely we take some c very close to log 2, a small a < 0.001 
and /3 = 2a. 

Let A^'o be as is subsection 16.31 Let A''i be as in (jPAp . 

For each i = 0,1, . . . ,q — 1, let Vi be a sufficiently small interval centred at /2(C2) where 
/I behaves like the linear map x (T2X, where (T2 := {f^)'{C,2)- Moreover assume that 
Uj=i fi{yi) n '^A = and ULi fi^y) n [-1, -1+7/2] = 0. Suppose that aU Vi's are disjoint 
and have the same length that we denote by \V\. Let A''2 G N be such that for all n > N2 we 
have 

Observe that since for each u ^ Vn condition (EGn) holds, then by the relation between spa- 
tial and parameter derivatives given in subsection 16.31 we have that expands exponentially 
fast which gives an upper bound for the size of a; G Vn, namely, |a;| < const. e~'^". Besides, 
since the size of p{u;) = {Ca '■ a G w} is proportional to the size of uj, an upper bound like the 
one just above applies to |p(w)| with a different constant. Since a is much smaller than c, we 
let G N be such that for all n > N3 we have that for all uj G Vn, the following estimate 
holds: 

|pMI<e-"". (6.2) 
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Using the fact that for a = 2, we have that the critical point hits the repelhng fixed point — 1, 
which means that /•'(O) = —1 and |D/2(1)| = 4-', for ah j > 2, we can choose oq sufficiently 
close to 2 and N > maxjA'^Oi -^ij -^2} so that all estimates in the original argument hold (in 
particular, the growth of the derivative along the critical orbit so that spatial and parameter 
derivatives are comparable, up to time N) and moreover 

Cj([ao, 2]) < -1 + 7/4, for ah 2<j<N. (6.3) 

Then we choose A large enough so that all estimates appearing throughout the original 
procedure hold and also such that 

|/a(e"^) - 0(a) I < 7/4, for ah I < j < Ni and all a G [oq, 2]. (6.4) 

Let = [q^0;2] be the base of our construction. By our choice of oq we may assume that 
Qj = and Vj = {0,q}, for all j = 0, . . . , A^. Moreover, set Rj{^lo) = Qj{^lo) = 0, for all 
j = 0,...,N. 

Assume that Vn-i is defined as well as Rn-i, Qn-i, on each element of Vn-i- We fix an 
interval u € Vn-i- We have three possible situations: 

(1) If i2„,_i(a;) 7^ and n < + ^("^^(n-i)) then we say that n is a bound time for 
Lo, put Lo eVn and set -R„(a;) = i2„„i(a;), (5„(i^) = Qn~i{uj)- 

(2) If Rn-i{io) = or n > z^(n~i) + p{'m^{n-i)) , and Cn(w) n '^a C Ia,i U I~a,i, then we 
say that n is a free time for oj. Consider the intervals Jn^ui = {Ca : a € w} and its e~""- 
neighbourhood J^^ = Ua^uiiCa — e~""',Ca + e~""). Now, we have two possibilities. 
Either ^n(w) n J^^ = 0, in which case we put u G Vn and set Rn{^jj) = Rn-i{^jj), 
(5n(w) = Qn-i{^)', or ^n(w) fl J^^ 0, in which case we let ioi and U2 be the 
possible nonempty connected components of w \ Cn^iJn,ui)- each i = 1,2, if 

is such that |,^.„(cjj)| > 2e~"", then we put uJi € Vn and set Rn{oJi) = Rn-i{oJi), 
Qni^^i) = Qn-i{^i)] Otherwise we just exclude cjj as well. 

(3) If the above two conditions do not hold we say that lo has a free return situation at 
time n. We have to consider two cases: 

(a) Cn{^) does not cover completely an interval Im,k, with j?7i| > A and k = 1, . . . , rn^ . 
Because is continuous and uj is an interval, £,n{^) is also an interval and thus is 
contained in some ^, for a certain \m\ > A and k = 1, . . . , m^, which is called 
the host interval of the return. We say that n is an inessential return time for 
CO, put uj GVn and set Rn{^) = Rn~i{^) U {n}, Qni^^) = Qn~i{^^) U {{m, k)}. 

(b) 6.n{^) contains at least an interval with \m\ > A and k = l,...,m^, in 
which case we say that u has an essential return situation at time n. Then we 
consider the sets 

^'m,k = in^{Im.,k) H for \m\ > A 

u'_=^-H[-l,-6])nu; 
and if we denote by A the set of indices (m, k) such that ui'^ 7^ we have 

^\{e^'(0)}= U <k- (6.5) 

{m,k)eA 
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By induction, is a diffeomorphism and then each oj'^ ^ is an interval. More- 
over ini'^'m k) covers the whole of Im,k except possibly for the two end intervals. 
When Cn(w^ k) "^o^s '^o* 

cover lyyi entirely, we join it with its adjacent interval 
in (j6.5p . We also proceed likewise when does not cover /a-i,(A-i)2) or 

Cn(w'_) does not contain the whole interval /i_a,(A-i)2- In this way we get a new 
decomposition of a; \ {£,n^{^)} into intervals LOm,k such that 

when |?7i| > A. 

We define by putting u:rn,k S 'Pn for all indices {m,k) such that ujm,k 7^ 0) 
with A < |?Ti| < an, which results in a refinement of 'P„,_i at uj. Note that 
the sets u)m,k such that |?ti| > an, for which S,n{<^m,k) C are excluded. 

We set Rn{u}m,k) = Rn-iii^) U {n} and n is called an essential return time for 
the surviving i^m.fc- The interval ^. is called the host interval of ujjn,k and 

Qn{l^m,k) = Qn{^) U {(m, k)}. 

In the case when the set a;+ is not empty we say that n is an escape time or 
escape situation for a;_|_ and i2„(a;+) = Q„(a;_|_) = Q„_i(a;). We proceed 

likewise for lo^. We also refer to 0;+ or as escaping components. Note that 
the points in escaping components are in free period. 
(4) Before moving on to step n + 1 there are still possible exclusions before Vn is complete. 
Consider an interval oj that has already been put into Vn-, so far. We look at Rn{^) = 
{zi, . . . , z^i^n)} and consider the sequence pi, ■ ■ ■ ,P-y(n) of the lengths of the bound 
periods associated to each respective return. If 

7(n) 

^Pi< an, 

i=l 

we keep uj in Vn, otherwise we remove it. This rule will enforce all elements of Vn 
to satisfy the so called Free Assumption, up to time n, which is denoted by FAn- 
Basically FA n assures that the time spent by the orbit of the critical points in free 
periods makes up a very large portion of the whole time, namely, larger than (1 — a)n. 

Remark 8. Note that the only difference between the original procedure of Benedicks- Car leson 
presented in |M93j and the one we present here is in step (2) where we make exclusions when 
the critical orbit gets too close to the periodic orbit. 



6.5. Bounded distortion. The sequence of partitions described above is designed so that we 
have bounded distortion in each element of the partition Vn~i- To be more precise, consider 
CO G Vn-i- There exists a constant C independent of u), n such that for every a,b G uj, 

\Rinm<c and \^<C (66) 

\Dfr\y)\- ICnM-'' ^'-'^ 

See jBC851 Lemma 5] or |M931 Proposition 5.4] for a proof. 



6.6. Growth of returning and escaping components. Let t be a return time for uj E Vt, 
with ^t(w) C 3Im,k for some A < m < at and 1 < A; < and let p denote the corresponding 
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bound period. If t is the last return time before n and n is a free time or a return situation 
for u then 

> e^o^'"^e(i-5^)l'"l \^t{u;)\ and if t is essential then > e^oe-^e"^^!""!, (6.7) 

where g = n — (t + p). If n is the next free return time for lo (either essential or inessential) 
then 

|^n(w)| > e"o^'e(^-^^)l"'l \Ct{uj)\ and if t is essential then |e„(t^)| > e^f^e"^^!'"! , (6.8) 
where g = n — {t + p). See |M93t Lemma 5.2]. 

Suppose that lo Vt is an escape component. Then, in the next return situation for lo, at 
time n, we have that 

|en(a;)|>e-^^. 

See (M931 Lemma 5.1]. 

6.7. Estimates on the exclusions. In the original procedure by Benedicks-Carleson the 
exclusions happen on account of rules (3b) and (4) above. Regarding the exclusions by 
applying (3b) at step n we have the following estimate: 

|0„_i\J]'J <e-^"|0„_i|, (6.9) 

where e > and il^ are the parameters of f^n-i that survive the exclusions forced by (3b). 
Regarding the exclusions because of rule (4) we have that: 

where e > 0. In the original argument, the most complicated to estimate are the exclusions 
resulting from applying rule (4) in order to guarantee the free assumption (FA). These are 
dealt with a large deviation argument for which an estimation on the probability of very deep 
returns is needed. However, the new exclusions we introduce here in rule (2) are more like 
the ones operated on account of (3b). In order to get estimate (16. 9p . one realises first that by 
choice of /3 if n is a bound period time for uj then S,n{uj) is clearly outside ^[an]- Moreover, if 
^ni^) hits '^[an] then it has already achieved large scale, meaning that the size of ^n{^) is at 
least e-""/2_ fact, using ()6.7p and (j6.8p one can show that (see |M931 Lemma 5.3]) if n is 
either a free time or a return situation for lo € Vn-i, we have that 

Once large scale is achieved, using bounded distortion one gets that the exclusions produced 
on r2„_i, by applying (3b), are at most proportional to l^„/2 = e~""/^. Hence, estimate 
(IE2D follows with e = a/2. 

With this new procedure, estimate (j6.10p still holds during free times, then whenever we make 
exclusions by applying rule (2), we have already reached large scale and the same argument 
can be used to obtain an estimate like (j6.9p for the new exclusions we incorporated in rule 
(2). Thus, basically, we have to check the following facts in order to conclude that our 
modifications do not tamper much with the original procedure, and the new exclusions still 
allow to obtain a positive Lebesgue measure set of parameters f^oo satisfying simultaneously 
conditions (EG), (BA), (FA) and (PA): 

(1) if n is a bound time for to € Vn-i then S,n{u}) is away Jni^- 
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(2) if an exclusion occurs at time n by applying rule (2) then the remaining connected 
components of il„ still achieve large scale (meaning that estimate (|6.10p holds) before 
new exclusions may occur. 

Proposition 1. Suppose that lo G Vn-i and (PAn-i) holds for lo. Assume also that there is 
s < n — 1 such that ^s(w) C Ps is the bound period associated to this return at time s 
and n < s + Ps- Then condition {PAn) holds for uj. 



Proof Suppose first that n - s < Ni. By (fO]) we have |^„(a) - Cn-s(a)| < 7/4. By ([63]) . 
it follows that ^,n-s{o) < —1 + 7/4. Hence, putting it together, for all a € we have 
^„(a) < — 1 + 7/2, which means that (PAn) holds for uj in this case. 

Now assume that n — s > Ni. Since (P.A„,_i) holds for oj, which implies that (PAn-s) also 
holds, then 

. min |^„-.(a)-/i(Ca)|>e-"("-^). 

]=0,...,q~l 

By the binding condition we also have |^n(o) — £,n-s{a)\ < e"^^""^^. Thus, if s > is 
sufficiently large then 

min |e„(a) - fUCa)] > e'^^""^) - e'^^""^) = e-"("^^)(l - e^^-^^^'^"^)) 

> e-°("-^)(l - e(°-^)) = e-""e""(l - e"") 

which means that {PAn) holds for lo also in this case. □ 



As a consequence of Proposition [T] and the rule (2) of the procedure we have that if (PAn-i) 
holds for all u € Vn-i then (PAn) holds for all uj G Vn- This is because for any uj € Vn-i 
either n is a bound period, in which case Proposition [1] gives the conclusion, or n is in a free 
period. When n is in free period either (,ni^) H = 0, in which case the conclusion is clear, 
or else we have to make exclusions according to rule (2) so that for the reminders of uj that 
go into Vn it is also clear that (PAn) holds. This means that condition (IPAp eventually holds 
for all parameters in f^oo- 

Finally, we have to check that the exclusions on account of the changes we included in rule 
(2), still allow to achieve large scale before new exclusions occur. Recall that this is crucial for 
the estimates on the excluded sets to hold and it means that we have to check that condition 
(jG.lOp holds when new exclusions are about to happen. The problem that could arise would 
be that when make exclusions using rule (2), some small leftovers could possibly not have 
had time to reach large scale. We will see that this does not happen. This is essentially 
because when a cut to uj occurs because ^n(i^) is too close to the periodic points Ca, the 
possibly remaining small bits (whose size is at least 2e~"'^, by construction) are so close to 
the repelling periodic points that they will shadow them for long enough time to grow up to 
reach the size e~""/^. 

Proposition 2. Letuj € Vn-i and assume that ^n{'^)^Jn u) ^ which means that an exclusion 
is made according to rule (2). Let uj* € Vn be a surviving connected component of uj. Let m 
be the such that m — 1 > n is the last time uj* G Vm-i, either because ^m{^*) H Jt,uj 7^ 
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which means that new exclusions must be made, or m is a returning time situation, which 
means that a refinement, with possibly some exclusions, will occur. Then 

Proof. Let V denote the neighbourhood Vi such that (,nioj) fl / 0. Since n > is very 
large and oq is very close to 2, we may assume that the neighbourhood V appearing in (|6.ip 
is the same for every a € w* and it has the same properties when iteration by /2 is replaced 
by fa- 
Let x,y € ^„(a;*) be respectively the closest point to and the farthest away point from 
p{ijo*). Note that by (j6.2p . we have e~°" < dist(a;, ^(0;*)) < 2e~"'^ and, by construction, 
dist(y, /3(a;*)) > 3e~"". This gives that dist(x,y) > dist(y, p(a;*))/3. For definiteness let 
X < y and a be such that Ca is the closest point to x in p{uj*). Also, let a := aa = \ifa)'{Ca)\- 
Now, fa'.V—^ faiV) behaves just like the linear map x ax with the origin coinciding 
with ^Q. This means that for n sufficiently large we have to wait some time before the interval 
[x,y] leaves V by iteration by fa. Let j be the first time that fl'^iy) is outside of V. Then 
dist(Ca,/a''(y)) > 1^1/3. The size of \ fi'^{[x,y\)\ is then approximately disi{fi^{x), fi'^iy)) ^ 
(T-'dist(x, y) > cj-'dist(y, (^a)/3 > |T^|/9. Now, since spatial and parameter derivatives are very 
close to each other then {fi'^)'{x) is approximately £,'jq{a). This together with the bounded 
distortion of the parameter derivatives means that, the size oi ^,n+jq{<^*) will be approximately 
|y|/(9C^), where C comes from bounded distortion and A from the relation between spatial 
and parameter derivatives. 

Note that for n < t < n+jq we have that C U^~q which by choice of V means that 

you cannot have exclusions nor refinements of the partition since you are clearly away from 
J+^. and^A- Now that we have seen that m > n+jq, recall that between n and m we are still 

in free period which means that as in (f6T71) we have that > 6e''°^"'~^"-~^^'^^'> \^n+jg{oJ*)\- 

Finally, by ()6.ip . we have that 

as required. □ 
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